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Problem 1
We have independent X7, X5, ... with P([X,, =1]) = p, and P([X,, =0]) =1 — p,.

(i) We want to show that X,, —, 0 <= p, — 0.

(=) From the definition of —,, we know that Ve;,e2,IN s.t. n > N = P([|X,,| > €1]) < ea.
So then n > N = p, = P([X,, = 1]) < P([|Xn] > €1]) < €2, or in other words, Vea > 0,3IN
s.t. n > N = p, < ez, which is exactly the definition of p, — 0.

( <) Again from definition, we know that Ve,IN s.t. n > N = p, <€ < —e< —p,
and so 1 —e < 1 —p, = P([X, = 0]) < P([|Xn| < €]), for all € > 0, which means that
1-P([|Xn] <€) <e < P([|Xn] > €]) < € and so by definition X,, —, 0.

o0
(ii) We want to show that X,, .5 0 < > p, < 0.

n=1
o) o)
( = ) Assume not. Then, > p, = >, P([X, = 1]) = o0, and so Borel-Cantelli tells us that
71 —

PA={we: X,(v) = 1 for inﬁnintglly many n}) = 1. But from the definition of —, ., we
know that P(B := {w € Q : lim, oo Xpn(w) = 0}) = 1 as well. But A and B are disjoint sets,
because if w € A, then X, (w) could not possibly converge to 0 because for every N, there’s
n’ > N st. X,y(w) = 1! Similarly, w € B = w ¢ A. Thus, P(AUB) = P(A) + P(B) = 2,

which is clearly impossible.

(<) > pn= > P([Xn =1]) < o0, and so by Borel-Cantelli, we have that
n=1 n=1

P{w € Q: X,,(w) =1 for infinitely many n}) =0
= P({w € Q: X, (w) =1 for finitely many n}) =1
— P{weN:3IN,st. n >N, = X,(w)=0})=1
— P{weN: X,(w)—=0}) =1

— X,, a5 0

Problem 2

We have X1, X, ... i.i.d. Exponential(1) so fixing an € > 0, we have that P([X,, > (logn)(1 + ¢€)]) =
e—(10g7L)(1+e) _ n—(1+e) and so

S P(X, > (ogm)(1+0]) =3

n=1 n=1



which we know converges (by say the integral test). Thus, Borel-Cantelli says that

P({we Q: X, (w) > (logn)(1 + ¢) for infinitely many n}) =0
= P({w e Q: X, (w) > (logn)(1 + ¢) for finitely many n}) =1
= P{weQ:3IN,st. n >N, = X,(w) <(logn)(1+¢)})=1

Xn<w>

= P{weN:3N, st. n> N, =
logn

<(+o})=1

X
:>Iimsupﬁ§1+e a.s. (Ve >0)

n—oo 108

n

= limsup
n—oo 108T

Similarly, fixing an € > 0, we have that P([X,, > (logn)(1 —€)]) = e~ (g™ (=¢) = p=(1=¢) and so

S P > ogm)(1 - ) = 3
n=1 n=1

which we know diverges (by say the integral test). Thus, Borel-Cantelli says that

P{w e Q: X, (w) > (logn)(1 — €) for infinitely many n}) =1
= P{w e Q:VYN,3In > N s.t. Xp(w) > (logn)(1—¢)}) =1

X
= P{w e N:VN,3In > N s.t. 1 —>(1-e})=1

ogn

n

= limsup

1-— s (Ve>0
msu logn> e as. (Ve>0)

n

= limsup >1 as.

n—oo 108T

and so the two directions tell us that lim sup 152"71 =1.
n—oo

Problem 4

We are given £1,&s,... and ©1,0,,... are all independent and i.i.d. Uniform(0,1), and a continuous
function h : [0, 1] — [0, 1].

(a) Then, X,, := 1jpe,)0,) are independent| and
E[X,] = P(h¢) > 0.]) = [ PA(E) > 0,110, = 2)fo, (x) dr
-/ P((A(E) > ) do = | Pan) > o) ds = Eln(e,)
1 1 1
:AM@MM@:AM@&@:Ah@@

where the second equality follows from the law of total probability (or expectation). I don’t think


http://danielrui.com/texts/pfs.pdf#page=141

we covered it in class, so I don’t know the proof, but I suppose I will just use it here. The sixth

equality follows from the law of the unconscious statistician. Thus, by the strong law of large

1
X, —>a,s_/ h(z) dx
0

Defining Y;, := h(&,), we see that E[Y,,] = E[¢,] which we saw from above to be fol h(z) dz.

Thus again by SLLN,
1
Y, —>a,s,/ h(z) dx
0

First we evaluate Var [X,,] and Var [Y,]:

numbers,

Var[X,] = E[X2] - (E[X,))* = E[X,] - (E[X,])® = — 4

(because X, is only 0 or 1, X,, = X2) and so

Var [X,] = % Zj: *Var [Xn] = %(u — 1)
Similarly
Var [Yo] = E Y] — (E[Y,])? = E [h%(&)] — (E[Ya])? = E[h*(&)] — #°
and so
Var [Y,] ZVar %Var [Y,] = n( [h2(&n)] — / h2(x

But because h only goes to [0,1], h?(z) < h(z), and so fo h*(z)dr < p and so Var [V,] <
Var [Xn]
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Problem 1

(a)

We want to show that A and B are independent events <= o[A] and o[B] are independent
sigma algebras, i.e. P(ANB) = P(A)- P(B) < PA'nB) = P(A") - P(B) for all
A’ e o[A] = {@,A,A%,Q} and B’ € o[B] = {@, B, B®,Q}.

( = ) If one of the sets in question is &, then for any set S, P(@N.S) =0 = P(@) - P(S);
similarly if one of the sets in question is 2, then for any set S, P(Q2N.S) = P(S) = P(Q) - P(S).

This leaves three cases:
e Reminder: P(ANB)+P(ANBL). Thus, P(ANB%) = P(A)—P(ANB) = P(A)—P(A)-P(B) =
P(A)(1—P(B)) = P(A)- P(B%). The case P(A®N B) = P(A%) . P(B) follows by symmetry.
o P(A®NBL) = P(A%)-P(ANB) = P(A%)—P(AL).P(B) = P(A%) (1-P(B)) = P(A%)-P(BY),
where the second equality follows from the above bullet point.

(<) In particular, A € o[A] and B € o[B], so obviously P(AN B) = P(A) - P(B).

We again want to equate two definitions of independence: for every k € {2,...,n}, P(the inter-
section of any k of {A4,..., A, }) = the product of the corresponding {P(4;),...,P(A,)} <
o[A4],...,0[A,] are independent sigma fields, ie. P(A; N...NA)) = [, P(A}) for all
Al € o[A;].

( =) Like above, the cases when A, = & are trivial, and the cases where A, = Q just simplify
to proving the statement for any k sets A; = A;, AE for all k € {2,...,n}, i.e. proving that for
every k € {2,...,n}, P(the intersection of any k of {4} := A; or A%, ... A, = A/ or AL}) =
the product of the corresponding {P(A}),..., P(4],)}.

we proceed by induction: we can apply the argument from (a) that for any two (distinct) indices
1 <iy,ip <m, P(A] NAj)) = P(A} )P(A;},). Now we assume the statement holds for any k — 1
sets. The key observation is that if we have k sets A/,..., A} that satisfy P(A1 N...NA}) =
P(A})--- P(A!), then replacing any A, with A% preserves the equality:

PAYN...NASA. .. nA)=PA N...nQN...NA) —PA,n...nAN...NA})
=PAIN...NA_ NA, N...NA;) — P(A})--- P(A})
k—1 sets
= P(A}) - P(Aj_y) - P(A},,) - P(A}) — P(A}) - P(A})
= (P(AY) -+ P(A]_y) - P(Aj,) - P(A})) - (1= P(4))
= P(A}) - P(A]y) - P(AT) - P(ALy) - P(A})

Thus given any configuration of k sets with k" of them being A} = A; and k — &k’ of them being
Al = AC, we can always start from our given: P(4;, N...NA;) = P(4;,)--- P(A;,) and toggle
each of the k — &k’ sets to its complement to get the desired equality.



( <= ) Given any set I of k indices from [n] := {1,...,n}, denoting I¢ := [n] \ I, then we know
from the independence of the sigma fields that

P(ﬂAz)_P AAan() Q| =]]rP@A): [] P@=]]P)- -1"*=]] P4

i€l i€l ielt i€l eIt i€l i€l

Problem 2

Take Q = {1,2,3,4}, A; = {{1,2},{1,3}}, and A; = {{2,3}} (and of course P = #/4). Then,
P({1,2}n{2,3}) = P({3}) = 1 = 3 - 3 = P({1,2}) - P({2,3}), so {1,2} and {2,3} are independent
events. A similar process yields that {1,3} and {2, 3} are independent; thus, A; and As are indepen-

dent collections.

However, {2} = ({1,3} U {1,2}‘3)B is in o[A1], and P({2} N{2,3}) = § # 1 - 1 = P({2}) - P({2,3}),

so o[A;] and o[As] are not independent.

Problem 3

We have a sequence of random variables X,, (we will assume that past a certain point C, all the X,
are only infinite on a set IV,, of measure 0 — otherwise e.g. you could just take X1, Xs,... = 0o and
there would exist no such ¢,). We prove a quick lemma first: given X > 0 s.t. X is infinite only on
a set N of measure 0, for every € > 0, we can find K s.t. P([X > K]) < e. Define A,, = [X > n];
then the A, form a monotone decreasing sequence. Thus, we can use the limit-measure interchange

theorems to see that

n—oo n—oo

lim P(A,) =P ( lim An) =P (ﬂ An> = P(N)=0
n=1
which concludes the proof.

Now for any X,, (for n > C, the “certain point” mentioned above), choose €, = 27", and find the

X
associated K,,. Define Y,, = . Then,
nk,

n

([ )= <o
With this construction, we now see that
S 1 c =1 1
r([mi=3) SLP@F 3 5= Cgo <

and so by Borel-Cantelli, we know that P < N U [|Yal > 711]) = 0, which leads to the following

m=1n=m



implications:

= P{w e Q: Y, (w)] > 1 for infinitely many n}) =0
n
1
= P({w € Q:|Y,(w)| > — for finitely many n}) =1
n
1
= P{weQ:3N, st. n> N, = |V (w)] < E}) =1

= P{weQ:Y,(w)—0})=1

- Yn —ras. 0

X
Thus, the ¢, s.t. — —, 0 is simply the nK,, from above.

Cn

Problem 5

We have independent X1, X, ..., and we want to prove that sup, oy X, (w) < oo for almost every
we < Y P(X, > M]) < o for some M < oo (assuming that all the X,, are only infinite
on a set A, of measure 0 — otherwise e.g., if X7 = oo and Xs, X3,... = 0, the result is clearly false).
(=) Define By, = {w € Q : sup,,cy Xn(w) < k}; then the By form a monotone increasing sequence,

and so we can apply the limit-measure interchange theorems:

lim P(By) =P <{w € N:sup X, (w) < oo}) =1
k— o0 neN

S0 in other words, fixing an € > 0, there exists some K s.t.

k>K = P(By)>1—-¢ = P(B,E)<e = P({suan>k]> <e
neN

and in particular for k = K,

P({w € Q: oco-many X, (w) > K}) <P ({suan > K}) <e
neN
Now assume for sake of contradiction that >~ ; P([X,, > K]) is actually infinite; then Borel-Cantelli
would tell us that P([X,, > K i.0.]) = 1, which is incompatible with our finding above that it’s less
than the fixed €; therefore, >~ | P([X,, > K]) < oc.
( <) Stealing one of the implications from the end of Problem 3, Borel-Cantelli gives that

ip([Xn>M])<OO = PA={weQ:3IN,st. n>N, = X, (w)<M})=1
n=1

Notice that P(ASUA;UA,U...) < P(A%)+P(A;)+P(Az)+... =0, and so P((A'UA,UAU..)8) =
P(ANASNASN..) =1. Thus, for every w e (ANASNASN..), ie. almost surely, sup,, ey Xn(w)
is simply max{X;(w),...,Xn,—1(w), M}, where we can take the maximum because we only have a
finite number of values (N,, many, to be exact) to deal with. Because these values themselves are all

finite, we have that sup,,cy X, (w) is finite (almost surely).
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Problem 1

oo
(a) We know that P(X > z) = / 1[x>4) dP and that for any f > 0, / flw)dh = / f(z)dz, so
Q R —00

/OOO P(X > x)dx = /R].[x>O]P(X > 7) d\(z) = /Rl[mo] {/ﬂ Lix>q] dp} d\(z)

And by Tonelli (which we can apply because indicator functions are > 0), we can interchange
integrals. Up to this point, we’ve been defining our indicator functions in a manner that seems
to suggest that we are fixing x and considering sets of w € €2, so we will now explicitly write out

the two-variable function inside the double integral:

1 f X(w)>x>0
Y(w,z) =
0 otherwise

and so the computation is as follows:

/OPX>a;d:c—// (w,z) dP(w) d\(z //wad)\ ) dP(w)
//X(w)uu dP(w /X )dP(w) = E[X]

Finally, because P(X > z) = 1 — F(x), we can replace P(X > z) with 1 — F(x) in the above

integrals.

(b) Because we have that E[|X|] < co, E[XT] < oo and E[X~] < oo, so we can safely say that
E[X] =E[XT] —E[X~]. From part (a), we know that

E [X7] :/OOOP(X+>x)dx:/OOOP(X>a:)dx

and similarly

oo

E[X]:/OOOP(X>:C)dx= P(X<—1:)dx:/OOOP(X<JU)da:

0

Thus, taking the difference yields

IE[X]:/OOOP(X>x)da:—/O P(X<x)dx:/ooo(1—F(x))dx—/o Flz) dz

— 00 — 00


https://math.stackexchange.com/questions/3443267/measure-theoretic-fubini-tonelli-theorems-integrating-w-r-t-variables-t-x-y-i/

Problem 3

We know that F(z +t) = P(X <z +1t) and F(z) = P(X < z). Hence,
Q

Similar to Problem 1, define

Y(w,z) =

1 fe<X(w)<z+t
0 otherwise

and because z < X(w) <z +t < X(w) —t <z < X(w), have that

/Px<X<x—|—tda:—/ Y(w,z) dP(w) d\(z //wad)\
Q Q
X (w)
// 1d\(x /X
X(w)—t

:/th(w):t~P(Q):
Q

) dP(w)

w) — t) dP(w)
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Problem 1
We have the “prototypical” signed measure ¢(A / X du (with the restriction that X~ € £1!).
Define QF to be {w € Q : X(w) > 0}, and similarly Q@ to be {w € Q : X(w) < 0}. Clearly,

QTUQ” =Qand QT NQ~ =@, and for any A € QF, [, X du will obviously be > 0. Likewise for
AeQ, fA X dp will be < 0. From this, we can say that

FA) — +) — +
T (A) =p(ANQ )_/AOQ‘*'XdNJ /X dp and similarly ¢ ( /X du
and so
A) = Xt+X"d X|d Q) = X|du=E||X
o) =" () + 97 () = [ X* X du= [ 1X]du — Jol() = [ X du=E[x]
Problem 2

We are given a o-finite measure p and a finite measure v. We then define a function ¢ : A — (—00, o]

as ¢(A) = u(A) — v(A). Note in particular that we defined v to be finite in order to exclude —oo.

(a) ¢ is a signed measure: ¢(@) = pu(F) —v(&) =0 — 0= 0; and for disjoint sets, {4, },
" (Q Ai) — (f_jl Ai) v @1 Ai) = S () = S0 = 55 (a4 — v(4) = 55 6(4)

where we can pull in the v sum because it is convergent. All the more reason to throw out —oc!

(b) If we have that [ + v](4A) = 0, then p(A) and v(A) must both equal 0. This means that
i< p+vand v < p+ v. Furthermore, having both u(A) and v(A) be 0 would imply that
d(A) = p(A) —v(A) =0, so ¢ < p+ v. By the Radon-Nikodym theorem, we have that there
exists f, g, where g € L' w.r.t. [u+ v], such that

A= [ i) and o(4) = [ gduer) = o) = [ (F =g du-+ol

but also that there is also some measurable X such that ¢(A / X d[p+ v]. Radon-Nikodym
assures us that X = f — g a.e. wrt. [u+v].

(c) From Problem 1, we have that ¢ (A) = /(f g)tdlu+v], ¢~ (A )Z/A(f—g)_ dp+v], |9](A) =

/ |f — g d[p + v], and in the case that u is finite, f € L' [u + v], so [9|(Q) =E[|f — g]] < o0
A


https://en.wikipedia.org/wiki/Radon%E2%80%93Nikodym_theorem#Proof

Problem 3

We define the total variation distance between two probability measures P, Q as

dpy (P, Q) = sup [P(A) —Q(A)]

Now if we have any measure p that satisfies P < p and @ < p, then (by Radon-Nikodym) there is

some measurable p, ¢ s.t.

P(A) = / pdp and Q(A) = / qdp
A A
(a) We want to prove that the following identity holds (for any u dominating P, Q)
1
drv(P,Q) =5 | Ip—dldu
Q

Let a set G = [p—q > 0] (G for “greater than”) and a set L = [p— ¢ < 0] = [¢ — p > 0]. Then,

/le*q\du:/G(p*q)dqu/L(qu)du

an { [o-oaf+ s {[@-na)
jlela{ /A(p—q)du‘}wa‘léa{ —/A(p—q)du‘}
~25u {| -4}

IN

IN

Now notice that
/(p—q)du:/pdﬂ—/qd/L:P(Q)—Q(Q):l—l:O
Q Q Q
which implies that
/(p—q)du+/(p—tJ)du=0 = /(p—q)du=/(q—p)du
G L G L

And thus for any A € A, we know that

- aa|—w{ [ o-0d- [6-aa
—wax{ [ -0 du. [ (4= an}
<maX{/G(p—q)du,/L(q—p)du}

:/G(p—q)dMZ/L(q—p)dMZ%/ﬂ“’_q‘d“

10



Because this holds for all A € A, it holds for the supremum as well, so

1
2/Ipqlduisup{ (p—aq du‘} /\p qldp
Q AeA

which means they are equal. Again, the proof holds for any arbitrary measure p that satisfies
P Q< p.

(b) Trivially from the above definitions of P, @, we have that

[P—Q](A)=/A(p—q)du

From part (b), we know that

dry (P,Q) = /|p al dn = 3E[Ip— al] = 5P ~ Q)

where the third equality follows from Problem 2 part (c).

Problem 4

Let A =[X > 0] and B = [X < 0]. Note that on A, X = |X| and on B, X = —|X|; and on QF,
¢ = |¢|, and on Q~, ¢ = —|¢|. Now observe:

/Qquﬁ‘: /AmdeqS+/Bmde¢+/AmXd¢+/Bde¢)

- /AmQ+ |X|d¢+/mm _|X‘d¢+/Amf |X|d¢+/Bmf —|X|d¢‘

_ /Aﬂm |X|d\¢|+/Bm+ —|X]|d|¢| —/Am_ 1| dlg| _/Bm_ _|X|d¢|’
- /AQ (Xldlol - /BQ X dlg| - /A Ix1dgl+ /B v d|¢|\
[ X [ xtdels [ Xidere [ X
/ |X|d|<b|+/m +|X|d|¢|+/Am_ |X|d|¢|+/m_ x| dlo|

= [ 1x1diel

IA

Problem 5

If we have random variables U ~ Unif(0,1) and P ~ Poisson()), the the distribution functions are:

0 =<0 0 <0
Fy(z)=qz 0<ax<1 and Fp(r)= _/\§
1 z>1 il

11



Now if we define a random variable X to be U if a coin is heads and P if a coin is tails, then

P(X <) =1iP(U < z)+ $P(P < z) or in other words Fx (z) = 1 Fy(z) + 2 Fp(z) so explicitly we
have:

0 <0
z+e N
< 1
Fy(z) = 5 0<r<
1 e L] Al
— 4+ >1
2t 2 T

Finally we define the corresponding measure ¢((a,b]) = Fx(b) — Fx(a) (that we then extend with
Carathéodory and then complete).

(a) We want to find the Lebesgue decomposition ¢ = ¢ac + ¢s w.r.t. Lebesgue measure A. First

consider this example — define the decreasing sequence of intervals I, = (1 — %, 1] and so

klim I, = {1}. Then as long as the measure of the sets in question are not infinite, limits of of
— 00
decreasing sets and measures [commutel, so

. I . B . et
)\<kli>ngofk)kli>n;ok() and gb(kli)rrgofk)gb({l})kll)n;oF(l)F(lk) 5 #0

Based on this, we see that in order to construct ¢,. < A, we should avoid all the jump points.
Additionally, we see that

—A\n
o forne{0,1,2,...} =Z>0,06({n}) = eQ(nl) (while A({n}) = 0 sadly)
o for (a,5] € (0,1), 6((a,) = 54 <b—a = A(a,b)
o for any intervals J s.t. J N (Z>oU (0,1)) = &, we have that ¢(J) = 0 (obviously < whatever

A(J) ).

With all this in mind, set ¢a.c(A) = ¢(A\ Zxo) (justification from the above bullet points) and
¢s(A) = ¢(ANZx0) (where we can let N = Zx so that A(N) = 0, and ¢5(N®) = ¢(28;NZx0) =
$(2) =0).

(b) Now considering the counting measure # over Zxo; if #(A) = 0 for some set, then A = & because

if A had just one element from Z>(, the counting measure would return something greater than
0. ¢(2&) = 0 obviously, s0 ¢ K # S0 Pac = .

Problem 6

We have a bounded, increasing, right-continuous function F' on R where F'(—oo0) = 0. Define
wr((a,b]) = F(b) — F(a). We want to prove that up < A (Lebesgue measure) <= pup is ab-
solutely continuous, where absolutely continuous (on R) is defined as for all € > 0, there is . s.t.

n

Z(bk—ak) < = zn:|F(bk) —F(ak)| <e€

k=1 k=1

12


http://measure.axler.net/MIRA.pdf#page=59

for any finite sequence of disjoint subintervals (ag, b;]. Because F is increasing, we can get rid of the
absolute values. Furthermore, we can rephrase this definition of absolute continuity to be that for

every € > 0, there is d. such that

MA) <0 = prp(A) <e forany A= U(ak,bk].
k=1

So our problem is equivalent to proving up < A <= [A(4) <. = pr(A) < ¢ (where the sets A

are described above).

We will actually prove a more general result first: if p, v are measures, and p is finite, then
pLr < [Ve>0,30 >0s.t. v(4) <de = p(A) <e¢ (where A€ A)

(= ) Suppose not. Then, Je > 0 s.t. V6 >0, A € A s.t. u(A) > e and v(A) < §. More specifically,
o0

1
Vk e N,3A, € Ast. v(Ag) < o8 and p(Ay) > e. Define the decreasing sequence of sets By, = |J A;.
i=k
From that definition, we can say that

1
V(Bk) S 2k—1 .

?

S
=k

2
I/(Az) < 27 =

o0
Then, define B = klim Bj, = () Bj. Then because limits of monotone decreasing sets and measures
— 00 k=1

commute (again, as long as the measure of the sets in the sequence are not infinite), we know that
(B) lim B lim v(By) = lim —— —0
v(B)=v| lim = lim v = lim — =
k—o0 k k—o0 k k—oo 2k—1
However, p(By) > 1(Ag) > €, so by limit-measure commutativity (and that u is finite), we know that
wB)=p ( lim Bk) = lim u(Bg) > ¢
k—o0 k—oo
But by <, v(B) =0 = u(B) = 0; hence, contradiction.

( < ) This direction is quite simple: assume v(N) = 0 for some N € A. Then, we know that
Ve > 0,30 > 0st. v(A) <0 = p(A) < e Well, v(IN) = 0 which is less than ¢ for any §, so
Ve > 0,u(N) <e = u(N)=0and so p < v.

Finally, we are given that F' is bounded, so pp is finite. We can use the Carathéodory extension
n

theorem and completion to extend pp (only defined for A = | (ag,bx], i.e. a field) to an actual
k=1
measure (also finite), denoted Zir. Then the general lemma above proves the result for all A € A,

and of course in particular A of the aforementioned form (because the extension agrees with the
pre-measure on the field). QED!
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521 HOMEWORK 6
DaNIEL Rut - 11/6/19

Problem 1

1
(a) Consider the probability space ([07 1],8[071],}7) and the random variables X,, = —. Then,
nx
X, —as. 0. But E[X,,] = oo for all n € N whereas E [0] = 0.

(b) Again on the probability space ([0, 1], B[O,l],P), take X, = (1+ 1) 1,1y and X =171 ;). Then
E[X,] — % = E [X] but obviously X,, /.5 X.

(¢) Again on ([O7 1},[3[0’1],P>, let’s define X, (w) = ﬁ +1—wand X' = w. Denote X =1 — w.
Then X,, —, X. Because X,, -, X = X,, =4 X (from the midterm!), and we know that
both X and X’ have distribution function: 0 (if z < 0), z (if 0 < < 1), 1 (if z > 1). Thus,
X, —q X',

However, X,, 4, X' (obviously), and X,, /a5 X’ (also obviously), and E[X,] = oo while
E[X']=1 s0X, A1 X'
Problem 2

Consider functions f, fi1, f2,... > 0.

(a) For this part, we have that f, —.. f and additionally that fQ fndup =1 and fQ fdu=1. We
want to prove that sup |fA fndu— fA f d,u| — 0. Define the sequences m,, = min{f, f,,} and
AcA

M, = max{f, fn}. Because f, —a. f, we know that m, —,. f and M, —,.. f.

Now note that m,, < f (everywhere), where f is clearly integrable (with integral 1). So by the
DCT,

lim mnd,u:/fduzl
Q

n—oo Q

Furthermore, we see that because m,, + M,, = f + fn,

/Mndﬂz/f"‘fn_mndﬂz/fdﬂ"i_/fndﬂ_/mndﬂzl'i'l_/mnd/f“
Q Q Q Q Q Q

and thus the limit as n — oo of fQ M,duis1+1—1=1. Thus,

/|f_fn|dlu:/Mn_mnd/Jf:/Mndﬂz—/mndu
Q Q Q Q

which goes to 1 — 1 =0 as n — oo. Finally, for any A € A,

‘/Afd“_/Af"d“‘S/A|f_f"|dﬂﬁ/g|f—fnldu—>0

as desired.

14



The conclusion above in fact holds if we just assume that f, —... f and that fQ fndu — fQ fdu:

we again have that
lim my, du = / fdu
Q

n—oo O

and that
/Mnd#:/fd/i-i-/fnd,u—/mndp
Q Q Q Q
and so
lim MndM:/fdqu/fdu—/fdp:/fdu
and lastly

‘/fdu—/fndu’é/ \f—fn\dué/lf—fnlduz Mndu—/mnduw
A A A Q Q Q

For this part, we are given that f, —, f and that fQ fndu — fQ f du. Because the f,, converge
in measure to f, we know that for every subsequence f,,, we can find a subsubsequence f,, that
converges pointwise almost everywhere to f. Convergence a.e. and convergence of the integrals

over () means that we can use the general result from the end of part (a):

/Afdu—/Af%du\s/A|f—fn,%|dus/Q|f—fnkidwo.

Denote the sequence of real numbers a,, = [ 4 Jn dp. Then, we just proved that for every subse-

quence ap, , the subsubsequence ay, converges to a = / 4 J du. Given only this, it turns out that
an must converge to a. We prove this by contradiction: suppose that a,, does not converge to a.
That means that for every ¢ > 0 and k¥ € N, we could find ny, > k s.t. |a,, —a| > e. Then by
construction, the subsequence a,, would not have a convergent subsubsequence; contradiction.

Thus, a,, — a, or in other words, for all A € A,

/fdu—/fndu‘:|a—an|—>0.
A A

Because this holds for all A € A, it holds for the supremum and so the result follows.

15



521 HOMEWORK 5
DaNIEL Rut - 10/30/19

Problem 1

We define Pearson’s correlation coefficient (where px = E[X]) as

Cov[X,Y]  E[(X —pux)(Y — py)]

p = CorrlX, Y] = VVar[XVar[Y]  /E[(X — px)?JE[(Y — py)?]

We have that

p==%1 = E[(X — pux)(Y = py)] = +VE[X — px)2E[Y — py)?]
2
= (BIX —px)(¥ = pv)]) = EIX = )2 JEI(Y = pv)?]
This is the equality case of the Cauchy-Schwarz inequality, which we know is satisfied if and only if

(Y — py) = a(X — px) a.e. for some a # 0. (Note that all the above implications are double sided,
so everything so far is “if and only if”)

Multiplying both sides by the random variable (X — ux), we get (X —pux)(Y —py) = a(X —px)? a.e.
= B[(X — pux)(Y — )] = aB[(X — px)?]. EI(X —pix)?] > 0,50 a > 0 <= E[(X — pux) (¥ — py )]
(the numerator of p) is positive <= p must be positive and hence equal to 1. Similarly, if a <

0 < p must be negative and hence must equal —1.

Problem 2

Let pu, = E[|X|"]. We want to show that for 7 > s >t >0, u$~tu;~° > p”~*, or more transparently,

() (B0x11) " = (BIx1)

1 1
Holder’s inequality gives that for X1, X9 > 0 and a,b > 1 s.t. — + 7= 1,
a

1/a b 1/b
E[X1X0] < (Ex7]) * (E[XY])
To fit our problem to something Hélder’s inequality could help with, we definitely want the outer
exponents to match, so we want that

1 s—t 1 r—s
and - =
a r—t b r—t

1
Note that s — ¢ < r —¢. In the case that r > s, then — <1 = a > 1 so we can use Holder’s

s—t

a
inequality. In the case that r = s, then the problem statement is trivial: p$~* = p”~*. So for further

analysis, let’s just focus on a > 1 (and similarly b > 1).

16



Now given these values for a, b, we now want the inner exponents to match by setting X; = | X¢| = | X|¢
and X, = | X9 = | X |4

, u ca r r(s—t) t tlr—s)
X" =X = |X|" = c=—=—"—+ and |X|t:Xf:|X|db:>d:B= p—
—t t(r — — st
Very fortunately, we see that ¢+ d = rs=t)+ t(r s) = : =5, 50 X1 Xp = [ X[T4 = | X|°.
r— r—

Thus, setting a, b, c,d, X1, Xo as described gives that Holder’s inequality is equivalent to the desired

result.

Problem 3

Define random i.i.d. variables €y,...,€e, with P(e; = +1) = , and a,b,a; € R. Note that E[e;] =
1. % +(-1)- % = 0 for all ¢. We want to prove one particular case of Khintchine’s inequality (the case

where p = 1):

The right inequality is relatively straightforward: using Minkowski’s inequality (with » = 1) and

Cauchy-Schwarz, we see that

n
E ;€
i=1

] < Ellael = Eflailleil] < ZE jail?IEflesl?] = | D af

i=1 i=1 i=1

The left inequality is much more non-trivial: we first observe two facts. Define Z to be the random
n

n
variable Y a;€;. Mini-lemma: E[Z2] = Y a?, proof as follows:

=1 i=1
E[ZQ} =E Zzaiajeiej = ZZazaJ elej Za?
i=1 j=1 i=1 j=1 =1
where the last equality holds because if i # j, then ¢; and ¢; are independent so E[e;e,] = Ele;|Ele;] = 0,

and if i = j then E[e;e;] = E[eZ] =12 4 4+ (=1)?- § = 1.

2
Our second fact is more substantial, so lemma: E[Z?] < 3(E[Z?])? = 3 ( a?) . We prove this by

N.
i

induction. For the base case, n = 2,

E[(a1e1 + a262)4] = E[alel + 4a161a262 + 6a161a262 + 4&161@262 + ageg]

= afE[e]] + 4a3asE[e3 €3] + 6a2aiE[e? €3] 4 4a1a5E[e1 €3] + a3E[e)]
- a1 + 60/1012 + a/2

< 3a} + 6a3a3 + 3as = 3(ai + a3)?

17



Now assume that the inequality holds for n = k — 1. Denote S = ai€1 + ...+ ap_1€x_1. Then

E[(a1€1 + ...+ akek)4] =E (S + CLka)4]
]E S + 4S3ak6k + 6S akek + 4Sak€k + akfk]
SY + 4a,E[S®|E[ey] + 6a;E[S?|E[e7] + 4a3E[S|E[€}] + arEe}]

[
[
[
[S4] + 6a2E[S?] + a}

§3(a%+ ..—|—a£ 1) —|—6ak(a2 .—|—az71)+aﬁ
<3(a?+...4+ai ) +6ar(a®+...+ai )+ 3a}
=3((af +... + aj_y) +a})?

Our final piece of information will be derived from Problem 2; setting (r, s,t) = (4,2, 1), we have that
2)? 2
< > -~ - -7
(Elz2)" < (El2I) ElZ'] = E[|Z]] > SR

Using our lemma, E[Z4] < 3(E[Z?])?

I

Problem 4

(a) Consider a random variable X > 0, which has a distribution function F'(z) = P([X < z]). We

want to show that
/ X dP = / ([X > 2]) dz

Of course, we proceed using the standard method of starting with indicator functions and working

upwards.

(i) For a set A € A, take X = 14 (notice that X never exceeds 1, and that [X = 1] = A and
[X =0]=Q\ A). Then,

/QXdP =1-P(A) and /0 P([X > z|)dx = /0 P(X > z])dx = /0 P(A)dx = P(A)

n

(ii) Now we look at simple functions: X = > ¢;14, for (pairwise) disjoint A; and ¢; € R such
i=1

that ¢; # c¢; when ¢ # j. Furthermore, let’s order the terms so that the ¢; are increasing.

18



Then,

/ X dpP = ZciP(Ai)
Q i=1

and /00 P([X > z]) dx

Cc1

:/" P(An)dx+/n7 P(An_luAn)dx+...+/ P(A,U...UA,)dz

Cn—1 Cn_2 0

:/ P(An)dx+...+/CIP(A1)+...+P(An)d:c

Cn—1 0

:/”P(An)dwr/% P(An,l)dm—k.../ P(A) de
0 0 0

= cnP(An) + cno1 P(Ap_1) + ...l P(A) = Y ¢;P(4))
i=1

n2™

(iii) Finally, we know that for any random variable X > 0, X, = % - (1X_1([k1 k))> +
2n 72’n
k=1

n- (1{w: XZn}) is a monotone increasing sequence converging pointwise everywhere to X.
Additionally, because the X, are increasing, [X;,, > z] C [X,+1 > z], so the P([X, > z]) are

also monotone increasing to P([X > z]) (7). From part (ii), we know that

/QXn dpP = /OOOP([Xn > z)) dx

for any n € N, and so by the monotone convergence theorem,

lim /XndP: lim P([X, > z])de = /Xsz/ P([X > z]) dx
Q Q 0

n—oo n—oo 0
Last word: 1 — F(z) = P([X > z]) so we can put 1 — F(z) in the above integrals.

(b)

OO

/ XdP=MP([X > \]) + / P([X > z]) dz
[X>A] JA

19



The proof is as follows: /
[X>A]
and observe that P([X' > z]) = P([X > JA]) for all z € (0, A] (by definition of X’). By part (a)

we know that
/ XdP = / X' dP
[X>)] Q

X dP is equivalent to / Iix>x - X dP. Denote X' = Ijx>y - X,
Q
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521 HOMEWORK 4
DaNIEL Rut - 10/23/19

Problem 1

Important theorem from class/the book: if ;(Q2) < 0o, X;, =, X <= for every subsequence X,

there is a further subsequence X, that converges a.e. to X.

(a)

We are given that u(Q) < oo and that g is continuous a.e. w.r.t px, i.e. g is continuous on a
set SC where ux (S) = p(X~1(S)) = u([X € S]) = 0, and that X,, —, X. Consider now the set
N; of all wg s.t. we can always find w arbitrarily close to wp s.t. |g(X(w)) — g(X (wp))| > € for
some € > 0. Because S is the set of all points where ¢ is discontinuous, X (N7) C S. In other
words, N7 is precisely the set of all points that X maps to S, or [X € S]. But we know this set

has measure zero, so pu(Ny) = 0.

Our final piece of information is that X,, —, X, which we know from the theorem above to mean
that for every subsequence X, , we can find a subsubsequence X,,» —,. X, i.e. X, converges
to X on a set NS where p(N,) = 0.

Now for all w € NP N N, we see that X, (w) — X(w) (pointwise convergence) and that g
is continuous. From the definitions of convergence and continuity, we know that Ve > 0,30 >
0,3¢ < § and IN € N s.t. for all n” > N,

| X () = X(w)| <€ <8 = [|9(Xpn(w)) —g(X(w))| <€

This is true for all w € (N; UN3)C, so g(X,(w)) does not converge to g(X (w)) only on Ny U Ns.
But p(N; U No) < p(Ny) + u(Ng) = 0, so in fact g o Xpv —a0 go X. We can find such a

subsubsequence for all subsequences X/, so go X;, =, go X.

For part (b), we allow p(Q) = co. ¢ is now uniformly continuous on R, and X,, —, X. From
uniformly continuity, for every ¢ we can find one d, s.t. for all , y on the real line, |z —y| < §¢ =
lg(z) — g(y)| < e. By definition, X,, —, X <= for all ¢ > 0, we can find arbitrarily small ¢’
such that for n beyond some Ne 5, u(Ae) < €, where Ay = {w € Q: | X, (w) — X(w)| > &'}
Note that A% = {w € Q:|X,(w) — X(w)| < &'} (for n > N 5 and arbitrarily small € and ).

Because ¢’ is arbitrarily small, we can always let &' < d., so by uniform continuity, | X, (w) —
Xw)| <?d < = |9(Xn(w)) — g(X(w))] < € (again only for n > Ne 5). In other words,
4B € BE where B® = {w € 9+ [g(Xa(w)) — g(X(w))] < ¢}. Thus, B, C Au s0 u(B.) < ¢

Tying everything together, we just proved that for all ¢ > 0, we can find an arbitrarily small e
s.t. if n > Ng 5 (the exact same No 5 we found from the definition of X,, —, X which we know
to exist), then p(B.) < €. Hence, by definition, go X,, =, go X.
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Problem 2

We are given a measurable function X > 0 and that / X du = 0. Now define a sequence of sets
{A,} where A, = [X > 1] = {w € Q: X(w) > L}, This sequence satisfies A,, C A1, so it is

monotonically increasing. Now note that
1
0= [ Xdp> [ Xdu> fdu—* w(An) >0
Q A, n

which means that p(A4,) = 0 for all of our sets A4,,. Then because 4,, is increasing we get that
w([X >0]) (U A > (nh—)H;oAn) = nh_,H;OM(A") =0

Problem 3
We are given an arbitrary measurable function X that satisfies / Xdu=0forall Aec A
A

(a) Define the increasing sequence of sets {A,} where A, = [X < —1]U[X > 1l]. Because X is
A-measurable, all the A, = X~1(B) — where B is the Borel set (—oo,—1) U (1, 00) — are in

n’

A, so by the given, [ a, X du = 0 for all A,. Using the same argument as from Problem 2, we
see that p(A,) =0 for all A,, and hence again p(lJ,— ;) = w([X #0]) =0, i.e. X # 0 only on a

set of measure zero, so X = 0 a.e.

(b) Define the increasing sequence of sets {4, } where A,, = [X < —1]. Similar to part (a), we note
that fAn X dp >0 for all A,. But now

1 1
OS/ Xdué/ ——dp < ——p(Ay)
A, A n n

n

but u can never be negative, so —% w(A,) < 0. We've sandwiched —%,u(An) between 0 and 0, so
u(Ay) =0 for all A,,. Thus, like above, we can say that pu([X < 0]) =0, ie. X >0 a.e.

Problem 4

The theorem of the unconscious statistician:

/)(1(91(3)) Q(X(w))du(w):/gl(B) g(x) duX(g;):/Byqu(y)

where X : (Q, A, u) = (', A, ux)' x(A) = pu(X"HA)) = u([X € A));and g : (', A") — (
define Y := g(X (w)), and py (B) = pgox (B) = u((g0 X)"1(B)) = p(X ' og~(B)) = ux(97'(B)).

The first equality is covered in the book. Like in the book, we split up the proof into four steps:

(i) Is y a function? In the preceding integrals w,z were not ... :(
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521 HOMEWORK 3
DaNIEL Rut - 10/16/19

Problem 1

We have measurable functions Xi(z,y) = z and Xa(z,y) = y (for all (z,y) € R?), and Z;(z,y) =
\/ X%+ X2 and Zs(z,y) = sign(X; — X3). Define F(X) = X~ (B) (where B = 0'|:B, {00}, {—o0}|)
to be X 1(B) = {X"Y(B): Be B} = {{(x,y) €eR?: X(z,y) € B} :Be B} or in English, the set
of all the sets of points that X sends to a Borel set, for all Borel sets.

(a)

()

Consider F(Z;) = Z;Y(B) = {{(x,y) € R : Zi(z,y) € B} : B € B}. Let’s start simply
and consider what happens when B = {r} for some r € R. If » < 0, then Z; '(B) = @. For
r >0, Z;*(B) is a circle centered at (0,0) with radius 7. Now if B is some interval (r1,r3) with
ro > 11 > 0, then Zl_l(B) is an open torus.

We can see that for whatever B is, Z; '(B) is some combination of circles, balls (filled in circles),
and tori. But all of these can be generated by countable unions, intersections, and complements
of plain old open balls, so F(Z;) is the o-algebra of the open balls in R2. Just for fun, a circle
with radius r can be represented as ﬁ B (r + %) \ G B (7“ — %) where B(r) denotes the open

n=1 n=1

ball centered at (0,0) with radius r.

F(Zy) = {{(x,y) € R? : Zy(z,y) € B} : B € B} is considerable easier — if {—1} € B,
then Z, ' (B) will contain the lower right half of the plane, or y < x; if {0} € B, then Z; '(B)
will contain the line y = «; and if {1} € B, then Z2_1(B) will contain the upper left half of
the plane y > x. Any Borel set B will either contain or not contain any one of these three

points, so F(Z3) will just be the set of all combinations of (a.k.a. the (o-)algebra containing)
{(z,y) eR? 1y <a},{(z,y) €R® :y =2}, and {(z,y) €R? : y > z}.

The o-algebra of the union of F(Z;) and F(Z3) is just the o-algebra containing all half open

balls (upper left and lower right) and all sets of two points on y = z equidistant from the origin.

Problem 2

Let C be a 7-system of subsets of Q (closed under finite intersections, and 2 € C). Then let V be a
vector space (X,Y € V = X +Y €V and aX € V) such that the characteristic function 1¢ € V for
all C' € C and that if {A,,} is a sequence of monotonically increasing sets (4, C A,4+1) s.t. 14, €V,

then A= |J A, €V.

(a)

n=1

For all A € o[C], 14 € V — we prove this by proving that the set S of all sets S s.t. 1g € V
contains A[C], which in conjunction with Dynkin’s/m — A theorem| gives that S D A[C] = o[C]:

[ :] Q € S obviously because 1 € V; [B \ A:] if we are given that A, B € S and A C B, then
Ip,14€Vsolpa=1p—14€V = B\ AcS;and [monotone unions:] if we are given that
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oo
monotone increasing sequence of A, is in S, then 14, € V = 1ya, €V = J 4, € S.
n=1
Hence, S is a A-system, as desired.

m
(b) By the axioms of vector spaces, for a partition A; of Q where 14, € V, the finite sum »_ x;14,
i=1
will also be in V.
(¢) Some motivation for the nice construction in the book; for any measurable function X (w) we are
given (further assuming that X > 0 for all w € Q, because for any general X = X — X~ can

be represented as a linear combination of non-negative functions), let us define a sequence

2
n

Xl = Y (L it )y ) 1 (Losn)

h—1 n’

For every w € , there will be some N s.t. for all n > N, X(w) < n, which will imply that
| Xn(w) — X(w)| < £, which means that X,, — X. However, X,, does not increase monotonically
(which we need), because X,,(w) basically returns the largest multiple of % less than or equal
to X (w), and the largest multiple of % < X(w) may in fact be less than the largest multiple of

% < X(w) for n > m. Thus, we change our tactic a little bit to fix this error:

Xn(w) =) kL. (1X1([’f273,2’21))> +n- (Liw:x>n})

k=1

It’s easy to check that similar to above, for every w € €, there will be some N s.t. for all n > N,
X (w) < n, which will imply that | X, (w) — X (w)| < 27". Now we have an monotone increasing
sequence of X, converging to X for any given w, so by the given in the problem, X € V.

Interlude

Just a copy of the definitions of convergence almost everywhere:
p{w e Q: lim |X,(w) — X(w)|#0}) =0
n—oo

and convergence in measure

(Ve > 0) nl;rr;o w{we Q: | X, (w) — X(w)| > €}) =0.

Problem 4

(a) From the above definitions, convergence in measure has the limit outside, so it only needs that
the points where X, is far from X to be few. This means that I can choose some points wher-
ever to be far away, and it would still be convergent in measure. However, convergence a.e.
has the limit inside, so having bursts of points far away would destroy the convergence of X, to

X, because we can always choose the bursts so that infinitely often X,, would again be far from X.
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For an explicit construction, consider X1 = 1}, X2 = 1[0’%],X3 = 1[%’1],)(4 = 1[0%1,)(5 =
1

L 12 and so on. These X, clearly converge in measure to 0 because ;- eventually gets below

any €, but X,, to not converge a.e. to 0 because for every w € [0, 1], X,, = 1 infinitely often.

(b) An example where infinite measure causes problems: consider X,, = w!/" on [1,00). The X,
converge a.e. to 1 (for every w, it’s possible to find N s.t. when n > N, [w'/™ — 1] < ¢),
but there will always be a set of infinite measure that where |X,,(w) — X(w)| > €, and hence
nli_}rréc p{w € Q| X, (w) — X(w)| > €}) =00 # 0.

Problem 5

One direction: for any e > 0, consider the sets A = {w € Q : [X,, - X[ < §}, B = {w € Q:
X — X, < 5§}, and C = {w € Q: |X,, — X,,| < ¢}. We are given that the X; converge in
measure to X, which means that x(A%) — 0 and p(B%) — 0. Now for all w € AN B, we know that
| Xm— X5 | < | Xm—X|+]X —X,| < € by the triangle inequality. Thus, ANB C C = (AﬂB)E D CC.
But 1(CC) < u((AN B)C) = u(AL U BY) < (ALY + u(BE) = 0. Hence, the X; converge mutually to
X.
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521 HOMEWORK 2
DaNIEL Rur - 10/9/19

Problem 1

Before we begin (the proof of the actual question is on the next page), I would like to give some of

the basic definitions as an aid to my current learning and future referencing:

liminf A,, is defined to be |J [\ Ak. In English, this is interpreted as: all w € Q that are in all the

n—o0 n=1k=n

Ay, for k> N for some N € N, or: all w € € that are in all but finitely many of the Ay.

liminf z,, for a sequence of numbers is defined to be lim ( inf q:k)
n— o0 n—oo "~ k>n

limsup A, is defined to be (| |J Ax. In English, this is interpreted as: all w € § that are in infinitely

n— o0 n=1k=n

many Ay, or: all w € Q such that w € Ay, infinitely often (abbr: i.o.).

lim sup z,, for a sequence of numbers is defined to be lim (sup zy)
n—00 n—=00 "L>n

For the motivation/intuition behind these particular definitions, see this MSE post| and in particular
Hans Lundmark’s answer (quoted below with addendums by me):

For an increasing sequence of sets L1 C Lo C ..., it’s intuitive that the limit L,, — L should be defined as the

union of all sets in the sequence, L = U:C:1 L,,. Similarly, for a decreasing sequence U; D Uz D Uz D - - -, it’s
natural to define the limit as the intersection: U,, — U as n — oo, where U = ::1 U,.
Now, for an *arbitrary™® sequence of sets {A1, Az, Az, ...}, we can squeeze it between an increasing sequence

{L,} (a “lower bound”) and a decreasing sequence {U, } (an “upper bound”), like this:

Ll:AlﬂAgﬂA;;ﬁ--- g Al g L‘YliAlUAQUA;;U"-
Lo = AsNAsN--- C Ao - Us = AU Az U ---
Lz = AsN--- C Az C Us = AsU---

and so on. Moreover, {L,} is the largest increasing sequence s.t. L, C A, for all n, and {U,} is the smallest
decreasing sequence s.t. A,, C U, for all n, so it makes sense to define

liminf A,, = lim L,, limsup A, = lim U,,.

n—oo n— oo n— oo n— oo
[Comment:| “largest increasing sequence” = if {L},} is an increasing sequence such that L,, C L], C A, for
all n, then L), = L,, for all n. [...] Suppose that {L,} fulfills the assumptions, but L., C L;, (strict inclusion)
for some m, i.e. L., contains some x s.t. ¢ Ly = Am N A1 N.... This means that for all & > m we have

x ¢ Ag. Then, since the sequence {L;,} is increasing, that element = has to belong to Lj, as well, but then

Lj, C Ay, fails; contradiction.

Furthermore, we know that for increasing D,, and decreasing FE,, (this is proven literally everywhere,
but I'm most familiar with the explanation in Axler’s book Chapter 2C):

M(nILH;oD") =pu n[_jl D, | = lim u(D,), 1 ( lim En> =pu ﬁlEn = lim p(E,)

n—oo n—oo n—oo
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521 HOMEWORK 1
DaNIEL Rut - 10/2/19

Problem 1

(a) We want to show that if {A,} is an increasing sequence of algebras, then [ J)~, A, is an algebra.

Thus we need to see if that countable union satisfies the three properties of an algebra:

e @ elJ,_, A, because @ is an element of every A,
o if Ac |, | Ay, then Ibesomei € Nst. A€ A;. Hence Q\Aec A, = Q\Aecl,_, A,

o if A B e~ A,, then again Ji,j € Nst. A € A; and B € A;. Take k = max{i,j};
then because A,, C A, 41 for all n > 1 (by definition of increasing sequence), A, B € A, —
AUBe A, = AUBel, ., A,

(b) The above result does not necessarily hold true for o-algebras {A,} — in essence, the property
that o-algebras are closed under countable unions generates more than what the countable union

of increasing o-algebras can hold:

Let’s denote A = |Jo—; A,. Take @ = N and A, to be the o-algebra on Q generated by the
power set of the natural numbers {1,2,...,n}. It is clear that A,, C A, for all n > 1 because
2({1,...,n}) c Z({1,...,n+1}), and also that every even natural number {2k} is an element
of A=J;7, A, (because {2k} € Asi). Now if A were to be a o-algebra, then | J,- {2k} = 2N
would be in A. However, 2N is not an element of any of the 4, (it may be a subset of some
element of A, but it isn’t ezactly equal to any one of the elements of A,,), and hence it can not

be an element of the countable union of such A,,, namely A.

Problem 2

1. If the intersection (denoted () ,) of all possible algebras generated by a collection C of subsets of
Q) is an algebra, then it is the minimal algebra generated by C. We prove this by contradiction:
suppose that there was a smaller algebra than (1 4, denoted A’. That would mean that there
exists some set in (7] 4, not contained in A’. But that’s impossible, because to be in (1 4, a set
must be in ALL possible algebras generated by C, including of course A’. Now we prove that the

intersection is an algebra:

e @ € () because @ is an element of every algebra A.

e Denote { A} as the set of all possible algebras generated by C. Then, Ae (), =— A€ A
forall Ac {A} = Q\AecAforall Ac {A} = Q\Ae(,.

e A, Ay ey = A,Ayc Aforall Ac {A} — AjUA € Aforall A e {A} —
AlUAgeﬂA.

2. Likewise, if the intersection (1 4 of all possible o-algebras generated a collection C of subsets of {2

is a o-algebra, then it is the minimal o-algebra generated by C, with the proof exactly the same
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as above. As before, we just need to prove that (1] 4 is actually a o-algebra (using all the same
notation but just referring to o-algebras instead of algebras):
e @ € (), because @ is an element of every o-algebra A.
e AcNy = AcAforall Ac {A} = Q\AcAforall Ac {A} = Q\Aec),.
o Ay, Ay,...eNy = A, Ay, e Aforall Ae {A} = U2, Aic Aforall Ae {A} =
Uizi Ai € Na-

3. And finally, if the intersection (), of all possible monotone-classes generated by a collection C of
subsets of ) is a monotone-class, then it is the minimal monotone-class generated by C, with the
proof exactly the same as the previous cases. And like before, we just need to prove that (),
is actually a monotone-class (using all the same notation but just referring to monotone-classes
and M’s instead of (o-)algebras and A’s):

o My,My,...c(\pand My C My C M3 C ... = M, M,...€ Mforall M € {M} =
UiZi M; € M for all M € {M} = ;23 Mi € -

o My,My,...ec(\pyand My DMy D MsD ... = M,M,...€¢ Mforal M € {M} =
Mooy M; € M for all M € {M} = ;23 M € -
Problem 3

Because o[C] for any collection C is defined as the minimal sigma-algebra (i.e. o[C] is the intersection
of all sigma-algebras containing C = if something is in ¢[C] then it must be in all other o-algebras
containing C), we see that C; C o[C3] = 0¢[C1] C o[Cs] and symmetrically Co C o[C1] = 0o[Ca] C
o[C4], so o[C1] = o[C3].

Problem 5

The binomial distribution is
) n e
Binom(n,p,) : P(X, =k) = ( )(pn)k(l — Dn) k

We are given that lim np, = A > 0. I'll write down the limit properties I’ll be using, just for sake of
—00

completeness. If lim f(z) and lim g(z) exist, then:
Tr—cC Tr—cC

e The limit of the sum, difference, product, quotient is the sum, difference, product, quotient of

the limit (lim,_,. g(x) can’t equal 0 in quotient rule). I'll mainly be using the product rule.

. liLn [f(g(2))] = f[ligl g(2)] if f(zx) is continuous at liin g(x). Below I use the fact that exp(x)

and 27% for any k € N is continuous at whatever point is being considered at the time.

Below, I also use the Taylor expansion of In(1 —z) = -z — £ — & — £ — .
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A final note: we fix some finite constant k before we take the limit of n.

i [(R)omra-nor] = m () (725.) @]
= Jim (Z) (5 f"pn)k] i [(1-70)]
~an (1) (1) e [ 22))
~a | () G 2) - e (o[- 2]
[ ()t (e a) ] e Gl b2
o 9] (1) o [ (2
-t [ ([ 2]) et [ 2 )
i [ (3) e = i [ b
=i () () - (=) e
— D ()] [ (2] [ () o = 2

and finally, we are done.
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