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Problem 1

Let X be anr.v. and ¢(t) = E[e"*] = E[cos(tX) + isin(tX)] be its ch.f., and so Re ¢(t) = w
Thus to create some r.v. that has ch.f. of Re¢(t), we need to somehow weight X equally between
“+1” and “—1” — consider a Rademacher r.v. R independent of X, and the ch.f. of the r.v. RX:

]E[eitX] N E[e—itX] _ ¢(t)+¢(—t)

2 2 2

E[eitRXjI _ E[eit.l.x . 1[R:1ﬂ +E|:€lt(_1)x . 1[R:*1]j| =

That is to say, Re ¢(t) is a ch.f (of the r.v. RX).

Problem 2

Let X be an r.v. with mean 0 and variance 02 < oo, and consider the r.v. X* that satisfies the
identity o?E[f’(X*)] = E[X f(X)] for all absolutely continuous f for which E[f/(X*)] and E[X f(X)]
make sense. The distribution of X*, called the X-zero bias distribution, is uniquely determined by
the identity.

(a) We want to show that (aX)* =4 aX™*, for any a # 0. By definition, (aX)* is an r.v. that satisfies
a?0?E[f'((aX)*)] = E[aX f(aX)] for all appropriate f (described above). On the other hand,
if we consider g(x) = f(ax) (for appropriate f), then by the definition of X*, o2E[¢/(X*)] =
E[Xg(X)] < 0o%Elaf(aX*)] = E[Xf(aX)] < a*0’E[f'(aX*)] = E[aX f(aX)] and so
putting both equalities together we get that E[f'((aX)*)] = E[f'(aX™*)]. But we said that the
distribution for r.v.’s that satisfied the identity was uniquely determined, so it must be that
aX* =4 (aX™).

(b) If we consider (the absolutely continuous function) fi(x) = (z —t) - 1(_oo4 () with derivative
fi(z) = 1(—oo,y, then we get that

Fie(0) = (X 1) = E[1 oo (X")] = ELF/(X")] =SB f(3)] = ZA " D)

g

In particular, this means that if | X| < C a.s. (i.e. I{x<_—c—q =as. 0 and l{x<c) =as. 1),

E[X? —tX 2_
Fx*(fc’*e):o and Fx*(C): [ < }:0' 0:1

(for all € > 0), and so | X*| < C almost surely as well.

We can also consider X* with the X-size bias distribution, where X is non-negative and X* satisfies
E[X f(X)] = pE[f(X?®)] (again for all f for which the expectations exist, and p = E[X]).

(a) As in (a) above, (aX)® =4 aX?® for any a # 0, because E[aX f(aX)] = apE[f((aX)?)] <=
E[Xf(aX)] = uE[f((aX)*)] (by definition) and E[Xg(X)] = uE[g(X")] <= E[Xf(aX)] =



tE[f(aX*®)] where again g(z) = f(ax) (for appropriate f) and so putting the equalities together
we get E[f(aX?®)] = E[f((aX)®)]. But we said that the distribution for r.v.’s that satisfied the
identity was uniquely determined, so it must be that aX® =4 (a X*).

(b) Asin (b) above, we find the (induced measure of the) c.d.f. of X*:

Fi(4) = BLA(X*)] = ~BIX1A(X)] = - [ 1aa) dPx(a) = [ 2 dFx(a)

Thus if X takes values in [0, C] (a.s.), then taking A = (C, o), the above equation makes it clear
that Fxs(A) =0, and thus 0 < X* < (C a.s. as well.

Problem 3

(a) In the framework of Problem 2A, we already established that Fx«(t) = LE[X (X —t)1x<y].
If we assume that X has a p.d.f. f(z), then we can write Fx«(t) = % f(—oo,t] x(x —t) f(x) de.
Differentiating, we get that F..(t) = Jxt(t—t)f(t)+ j’ —xf(z) dr and F¥.(t) = —tf(t), which
is >0fort <0and <0 fort >0 (because densmes are > 0). Thus, Fx«(t) is convex on (—o0, 0]
and concave on [0, 00), which means that Fx« is unimodal with 0-mode according to Khinchine’s

definition.
(b) More generally, in the case where X may not have a p.d.f., we have for t; < t5 that

Fx«(t1) + Fx«(t 1 X -t X -t
() Pl Ll Xty Xt

Lix<t,]

which can be written as LE[X g(X)] if we take g(x) = 255 - 1(_oo1y](2) + 52 - 1L oo (2).

2
Similarly, Fy«(232) = LE[Xh(X)] for h(z) = (z — 7t1J2rt2)1(700 t1+f,2](x). But
» T2

T —t x — to
[h - g}(l‘) = D) : 1(,Oo)t142r"2](w) + T . 1(700)“4;2](1')
T —1 T — 1o
ECE Lcooty](T) — —oo,ts)(T)
xr— tl Xr — tg

=5 L, upe)(@) = 5 Lt , ) (2)

which is > 0 (because z € (tl,W] — x—t; >0and x € (#,tg] = x—1ty <0).
Furthermore, [h — g](z) is 0 outside of [t1, t2]. Thus, for ¢; < t3 <0,

FX*(tl)—;FX*(tQ) P (tl "2”2) - %E[X[g —h(X)] >0

because [g — h](z) is < 0, 0 when X is outside [t1, t2], so we are only concerned with values of X

in [t1, 2], a negative interval. Similarly, for 0 < ¢; < ta,

Fx-(t) + Fx-(t2) _ o <t1 ”2) = LExlg-mx) <o

2 2 o2


http://danielrui.com/texts/folland.pdf#page=190

because X is positive (i.e. in the range [t1,t2]) while [g — h] is negative. (One could go back and
change the average to a weighted average with A and (1 — \), and the logic would follow much
the same way). Thus, Fx«(t) is convex on (—oo, 0] and concave on [0, 00), which means that Fx«
is unimodal with 0-mode according to Khinchine’s definition.

Problem 4

Let K(t) = E[X(l[ogtgx] — 1[X§t<0])] where X is a 0-mean r.v.. We have that:

/K(t)dtZ//X~1[0§t§X] det-l—// _X'l[X§t<0] dP dt
R RJQ R JQ
Z//X'l[ogtgx] dth—//X'l[X§t<0] dt dP
QJR
0
/X 1[X>O]/ 1dth7/X~1[X<O]/ 1dtdP
Q X

= E[X*1jp2q] — E[-X*1jp<q] = E[X?]

where the integral interchange is justified by Fubini-Tonelli because X - 1jg<¢<x] and —X - I[x</<q]

are both non-negative functions. Similarly (again using non-negativity for integral interchange),

/‘t|K(t) dtZ// |t|X~1[0§t§X] det+// —|t|X~1[X§t<0] dP dt
R RJQ R JQ
Z/X/|t|1[0§téx] dth—/X/|t|1[X§t<0] dt dP
Q R Q R
X 0
:/X'I[XZO]/ |t|dtdp—/X'1[X<0]/ |t| dt dP
Q 0 Q X

X 0
:/QX~1[XZO]~(%1€2)|O dP—/QX~1[X<0](—%t2)|thdP

= B [X lpen] - E[3X Ly cq] = 3 (B[(X)] +E[(X*)7]) = E[1XP]

Problem 5

Suppose that g,h : R — R are 7, and that X is an r.v such that IE[gQ(X)},IE[hz(X)] < 00. We
would like to prove that Cov[g(X), h(X)] > 0. As the hint so generously suggests, we consider Y, an
independent copy of X so that:

E[(9(Y) — g(X)) (h(Y) — h(X))] = E[g(Y)h(Y)] - E[g(Y)A(X)] — E[g(X)h(Y)] + E[g(X)h(X)]
= 2E[g(X)h(X)] = 2E[g(X)]E[A(X)] = 2Cov[g(X), h(X)]

where we used that E[g(X)h(X)] = E[g(Y)h(Y)], E[g(X)] = E[g(Y)], and E[h(X)] = E[h(Y")] (because
X =4 Y), and that E[g(X)h(Y)] = E[g(X)]E[A(Y)] by independence of X,Y. Because g, h are both
non-decreasing, at any w € €2, both differences (¢(Y) — g(X) and h(Y) — h(X)) are either both < 0
if Y(w) < X(w) or both > 0 if Y(w) > X(w). Thus, the product of the differences is always > 0, so
the expectation is always > 0, meaning of course that Cov[g(X),h(X)] >0



Problem 6

The law of the iterated logarithm states that for S(¢) a standard Brownian motion on [0, o),

lim sup S®)

TS S DT :a S. 1
t—oo /2tloglogt

(a) We want to show that S(t) = tS(4) is a Brownian motion on [0, c0). We first verify the expectation

and covariance formulas: for any s,t € (0, 00),

« E[S®)| =E[8(})] =E[S(})] =0

. E[S(S)S(t)} = E[stS(1)S(1)] = stmin{?, 1} = min{stl, st1} = min{t, s}

50t
Now from the LIL applied to —S(¢) which is also a Brownian motion (pretty obviously), the
liminf is —1, and so multiplying everything by 7v2“‘1glogt (which goes to 0 as t — o0) yi?lds that
both the lim sup and lim inf of @ as t — oo is a.s. 0. This is the same limit as lim;_,o S(¢), and
so we see that setting S(0) = 0 makes it right continuous a.s. at 0. S(t) is continuous (a.s.) on
(0,00) because S(t) is. Lastly, S(t) is clearly Gaussian because S(t) is, and so S(t) is indeed a

Brownian motion on [0, 00).

(b) Well, taking S to be the Brownian motion in consideration in the LIL, we have that

tS 1 S 1 ’
1 =, limsup () = lim sup () = lim sup S#)

P atloglogt ot oTtoatear o0l Tomioeloa(T)
i tloglogt ¢ 2Lloglogt =0 /2t loglog(L)

Problem 8

As we discovered in 523hw4p3b, or as given to us in the problem statement, we can represent the sum
of the numbers drawn in sampling n balls without replacement from a collection of N balls labeled

Cl,...,CN aS

N
YN = Z bicﬂ—i
i=1
=2 B% =

where b; = 1p; (7). From the notation of 523hw4p2 or 523hw4p3a, we have that by e
N 7 n n? —n n? —n —n n n
Y (bi—bn)? =n(1—%)2+ (N —n) 5z = n(F52)* + (N —n) 4z = n V52 (A2 + 3) = n(1 — ),

and

B 32 2 -1
E[YN] = Nbyéy =ney and Var[YN] = NN_Cvll\/' = %012\/ <1 = >

A theorem of Hajek, 1961 says that supposing
|ci — en

b; — by
max M —0 and max —— — 0,
1<i<N By 1<i<N  Cy


https://www.stat.washington.edu/jaw/COURSES/520s/523/HO.523.20/523-Spr2020-L9.pdf#page=25

Yn—E[Yn]

then <Z-7" —d Normal(0, 1) if and only if
b — bu|2lc; — e 2
Z |b; N|2|CJ2 N -0
) B3,C%
(4,§):VN|b;—bn|-|cj—en|>eBNCn
as N — oo, for every € > 0 (where ¢, 7 in the sums are in {1,..., N}). Substituting what we know

about {b;} we see that

lbi —by|  max{l- %, &} I-x vn _ /11 vn
12‘%}3\! By n(l— o) - max Vn 7\/]\7(17—%) - max n N'VV/N—-n

which goes to zero as N — oo if n := ny — 00, but growing much slower than N (i.e ny < eN

eventually for every € > 0, or ny = o(N)). Thus, the theorem says that if ny = o(N) — oo, and

|ci — en|

25 oy Y

then %&3’} —4 Normal(0, 1) if and only if

n n — N n =

Z Z (1_N)|CJ_CN|2 i Z Z N|Cj_CN‘2

; nC% _ (N —n)C%

=/ EA=F)lej—en|>eCn =ntl /7 e —en|>eCn

(N —n)le; —en/? nlej —enl?
= —0
Z NCZQV + Z NC’JQV

3/ E(A—2)|e;—en|>eCn 31/ 5 lej—en|>eCn

as N — oo, for every € > 0 (where the j’s in the sums are in {1,...,N}).

Additional observations: It seems that the second term will have no trouble going to 0, given that
N—n

+ — 0 and because |/ =" — oo so there will not be many (or any?) j s.t. % > eﬂ% for
large enough N. Thus, if one wants to use this theorem, one should really only be concerned with the

first term.



523 HOMEWORK 4
DANIEL Rut - 4/29/20

Problem 1

We want to show that the following are equivalent:

(i) maxi<g<n P(|Xnk| > €) = 0 for all € > 0 (uniform asymptotic negligible, or u.a.n. for short)
(i) maxi<k<n |Px,,(t) — 1| = 0 uniformly on every finite interval of ¢
(iii) max;<p<n E[X2, A 1] — 0 (where recall a A b= min{a, b})

Proof: (i) = (iii): For any (small) e > 0, E[X2, A 1] can be decomposed as

E[X7, A1) =E[(X7 0 ADx,, <d + (Xoe A DX, 5d]
< ]E[€2 . 1[\XnkS6]] —|—E[1 . l[ank\>€]] < €2 =+ P(|Xnk| > 6)

We can place max;<x<p on both sides, and because ¢ > 0 can be chosen arbitrarily small, along with
the fact that maxi<g<, P(|Xnk| > €) — 0 (from (i)), the LHS must go to 0.

(ili) = (i): For any € > 0 (and less than 1), observe that on the set [| X,x| > €],

Al
"j > 1 and so

1
P(| Xl > ) = E[lx,ui>q] < E[Z88 11 10g] < SE[X2 A 1]

We can place maxj<k<y on both sides, and fixing any € € (0,1), (iii) tells us the RHS goes to 0, so
the LHS must as well. Finally for any e > 1, just note that P(|X.x| > €) < P(|X,x| > %) which we
already know goes to 0 (after we place maximums on both sides).

(i) = (ii): Observe that for any € > 0,

@, (1) = 1 = [E[e" o+ —1]| =

[ = 1drx,, @)

g/[ ]\m 1|dFx,, (z) + le™™ — 1| dFy, ()
|z|<e

[lz]>€]

< / |cos(tx) — 1 4 isin(tx)| dFx,, (z) + / 2dFx,, (x)
[lz|<e] I

z|>€]

/ V1= 2cos(ia) + 1dFx,, (z) + 2P(| Xui| > ¢)
[lz]<e]

< oo V2 00

<t |z dFx,, () + 2P (| Xnk| > €)
[l=|<€]

< |t|eP(| Xnk| <€) + 2P(| Xnk| > €) < €lt| + 2P(| Xpk| > €)

+ 2P(|Xn;€| > 6)

2 . . .
where we used that 1 — cosx < %- (as can be seen via Taylor series). Again, we can place maxi<x<n

on both sides. Over any finite interval of ¢, |t| is bounded by say B, so we can choose € > 0 small



enough (and n large enough for (i) to kick in) that the uniform bound Be + 2maxi<k<pn P(| Xni| > €)
(not dependent on t) on the RHS goes to 0.

(i) = (i): From the proof of the continuity thm (Lec. 5), P(|X]| > A) < 7A fl/)‘

1—Reo(t))dt, so
1/e 1/e

P(|Xnk| >¢) < 7e/ (1-Regx,, () dt = 7e/ [1 —Reo(t)|dt
0 0

1/e
< Te V(I =Reg¢x,, (1) + (Imox,, (t)?dt
0

1/e
= 76/ |1 - ¢Xnk( )| dt < 767 sup |1 - ¢Xnk| =7 Sup ‘1 - ¢Xnk|
0 € 0<t<e
We can place maxj<g<y on both sides, and because [0, €] is a finite interval of ¢, (ii) tells us that the
RHS goes to 0.

Problem 2

We have two sequences of real numbers, {b1,...,by} and {c1,...,cny}. Let R = (Ry,...,Ry) be
distributed uniformly over the set of permutations of {1,...,N} (i.e. P(R = on) = 5 for any
permutation oy ), and denote Sy = Z;V:1 bjcr,, bn = + Zjvzl b; = E[bg,]| (for any j € {1,..., N},
because of the N! permutations, exactly (N — 1)! have R; = 1, exactly (N — 1)! have R; = 2, and so
on), and B% = Zévzl(bj — by)? = NVar|bg,| (again variance can be done over any R;). ¢y and C%
are defined similarly.

(a) We compute the variance of Sy as follows:

Var[Sy] = ZVar b iCR; ] +2 Z Cov[bicR,i,bchj]

j=1 1<i<j<n
fCNZbM.Q S bib ( [cr.cr, ] —E[CRJE[CRJD
1<i<j<n
_ %0@ : NE[b%J} n 21<§<nb b; (W _ c§V>
70N N]E[b -+ ( E[CRJ) (ibj)g—ib?
j=1
—C%-E +< \1/\7—1 ) (V203 - NE[v3,))
YOk -NE[E | 1es N

N—1 - N-1
2 — 2 _
N B; N-1 N-1 Nl N-1 N -1

N B2,C2
_ (2 2 _ NYN
- N(vaar[bRJD_ N-1



https://www.stat.washington.edu/jaw/COURSES/520s/523/HO.523.20/523-Spr2020-L5.pdf#page=3

where we used the fact that (for ¢ # j, using 522hw3p3), P(R; = k|R;) = Zk, 1 P(Rpk%rfg)_k)l[
= 5 - 1,2k (because there are (N — 2)! permutations where R; = k and R; = k/ for k # K/,

and (N — 1)! permutations where just R; = k’; for k = k/, obviously it’s 0), and so

E[CRich] = ]E[]E(CRYCR. |R)] = E[CRjE(CRi|Rj)]

CR, chP =k|R;)| =

c cl—l—...—ch—ch
B N -1
Elcr, - Now] —E[ch | Ne —E[C%j]
N-1 o N-1

(b) From chapter 4 of Chen, Goldstein and Shao (2011), if we have a matrix {a;;});_, and ¥ =
Z;\le aj g; With mean p and variance 02, and v := Z?fj:l |@ij — Gie — Goj + a..|3 where a;e is the
mean of the N numbers on the ith row, a,; the mean along the jth column, and a.. the mean
over the whole matrix, then for F' the d.f. of % and @ the d.f. of the standard normal,

y 56 8
_ <
1F =2k < =3, <16+ N_1 (- 1)2)

Applying this to our problem above, we can make the matrix where a;; = b;c; and so Y = Sy =

Z;V:l bjcr,. We've already established that E[Sy] = u = Nbyéy and Var[S,] = 0% = %.

Regarding v, a;e = b;Cn, Gej = cjl_JN7 and aee = byéy and so

N
Z |biCj —bieny — BNCJ‘ + BNEN‘S

’y =
ij=1
N N N N
S8 b Pl — e = (z|) 3 ey~
i=1 j=1 i=1 j=1

From the inequality (z + y)%/? > x3/2 4 ¢3/2 (for x,y > 0, which we can prove by fixing y and
then showing that (x + y0)3/2 has derivative > to that of z%/2, and both sides equal ys/ at

x = 0), we see that

3/2
Z|b—bwl3 Z(V’i_B 2)3/2 < <Z|b—bN|2> = B3

i=1

and so doing the same thing for the ¢’s, we can bound ~ by v < B3,C3;. Thus

v o BRG

_ 3 — B3 C3
(N 1)0 (N - 1)(Nf1)]3\7/2

= VN-1

which unfortunately doesn’t go to 0. As an alternative perspective, Theorem 6.1 gives another

k]


http://danielrui.com/texts/cgs2011.pdf#page=113
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bound for the problem:

16.3 1£na><( |aij — Qje + Gej — a..|
sup |F(z) — ®(x)] < =hI=n
z€R g

16.3 max |b; — bn| - max le; — el
_ <i<n <i<n /7N ]
BNCy

It looks like in general, it is not true that Y converges to the normal d.f., but we can consider
special cases of sequences. Let 3fcm({b;}) (3rd folded central moment) denote Zfil |b; — by |?
(similarly 2fem({b;}) = + B%). Thus
~y B N2 3fem({b;}) 3fcm({c;}) N1
B3 C3 1))3/2 1))3/2 B
(V1) AL (N 2fem({8:))) (N 2em({e: )
VN —1 3fem({b;}) 3fcm({c;})
N [2fem({b;}) 2fcm({c;})]3/?

Because 3fcm weights large deviations more than 2fcm, this gives us the intuition that for se-
quences b; and ¢; that don’t vary too much, 3fcm doesn’t outgrow 2fcm that much, so we do
have convergence to 0. In particular, if both sequences lie within a length 1 interval, then 3fcm

< 2fcm and we get convergence to normal at rate about \/iﬁ

(c) As stated above, the bounds given by Chen, Goldstein and Shao give that the convergence to

normal is at rate

1 3fem({b;}) 3fem({c;})
VN [2fem({b;}) 2fcm({c;})]3/2

and so I'll put it as “not faster than —=".

VN
Problem 3
Let Xi,..., X, be the numbers resulting from sampling without replacement from a collection on N
balls labeled with numbers ay,...,ay, and define ay = % ZZ]\LI a; and 02 = % Zﬁvzl(ai —an)?.

(a) Notice that for any i € {1,...,n},j € {1,...,N}, P(X; = a;) = % (the number of times
X, is a; must be the same for all a;, due to the fact that we can just switch/rename the a;
and keep the problem the same). Thus, ay = E[X;] and ¢2 = Var[X;]. We now want to find
Cov[X;, Xi] = E[X,; Xi] — E[X,]E[X}] (where j # k). We perform the same trick as above in
Problem 2:

BLX; X, = EIECGX0X,)] = EGECGIX,)] = E| X, D= - Nay —ElX]

N_—1 N1
* Coul X X Na3 —E[X?] I E[X;]° - E[X?] —o2
VX, Xa] = — 57— B = N_1 TN-1



Therefore, defining T,, = X1 + ... X,,, we have that

T,] _ 1 (¢
Var{n]:nz ;Var[Xi]-i-? Z Cov[Xi, X;]

1<i<j<n
1 —0? o2 n—1
= — a = _a 1—
nQ(nU + ”)N—1) n( N—l)

1s can be framed in terms of Problem y setting the sequences 10; ;L and {c¢;§._1 to be
b) Thi be f d i f Probl 2 b i h bfvl d fvl b

bi = licqa,....ny and ¢; = a;.

Problem 4

We suppose that Y7,... are i.i.d. with d.f. G and ch.f. ¢(t). Let Ny be ~ Poisson()) and independent
of the {Y;}’s, and let Sy = Zjvz*l Y;. Then,

¢S)\ (t) _ ]E[eitsk} — E[E(eits*ﬂ\/}\)] _ E[E(eityl . eitYNA |N)\):|

oo

Z¢k —,\)‘ oA Z )‘¢ = Mo(H)—1)

Problem 5

In the K-function approach for sums of independent r.v.’s, the analogous identity to the Stein identity
for normal r.v.’s E[f'(W)] = E[W f(W)] is

EW (W) =E[f' (WD + ;)]
where the notation is as follows:
o W=3"&, where the ¢ are all independent and satisfy E[¢;] =0 and Y1 | E[¢?] =1
o W =W —¢
o Ki(t) =E[& - (loe) (t) — Lic.0) ()]
o & has density K;(t)/E[¢7], and independent of all other &; and & for j#i
e [ is a index r.v., independent of all §; and &7, satistfying P(I =) = E[{f]

Alternatively /equivalently, the identity may be written as

Z/ +t>]K(t)dt

Remember, the point of the Stein identity and equation f/'(w)—wjf(w) = h(w)—E[h(Z)] was to find f,
for every h we care about (recall the definition of weak convergence E[h(X)] = E[h(Z)] <= X =4 Z
J;

for some classes of h) such that E[h(W) — h(Z)] = E[f}, (W) — W f,(W)], thereby allowing us to

10



understand the LHS by understanding the more easily understood RHS. This K-function approach

provides another perspective on the same quantity; i.e.

E[R(W) — h(Z)] = ELf(W) = W (W)] = E[ (W) = fi, (WD + ;)]

11
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DANIEL Rur - 4/22/20

Problem 1

Consider a random variable X with p.d.f. fx(z) = m “lje,00) (where this is a p.d.f. because it’s
> 0 and has integral 1). However, for any r > 0 (using the substitution ¥ = z <= u =loga =

du:%dx,
oo 1 o0 U

IE[XT]:/ a” 5 d:z::/ eQdu:oo
e xlog”x 1 u

e

(because T; — 00 as u — oo. However, if we take g(z) = y/logx (which does go to co as z — o),

we get that
© o
Blo(N)) = [ ——rde= [ mdu—z<x

zlog!® x

Problem 2

If we have X ~ Poisson()), then

e ef)\/\n o 67/\/\n+1
AEf(X+D]=A> fn+1)——=> (n+1)f(n+1)——
= n! o (n+1)!
> e > e~
=Y nf(n)—— =) nf(n)—— =E[f(X)]
n=1 n=0

Problem 3

Let &1,...,&, be iid. Unif(0,1) r.v.s, and let X; = (1jg,<4] — t1, -0 Lgy<p) — th) for 0 <ty <... <
ty < 1. Also, define U, (t) = \/n(G,,(t) — t) where G,,(t) = L > 1, <. Clearly all the X; are i.i.d.,

n

and so by the multivariate CLT, we have that

n

% ix = <\}ﬁ [(Z <] ) — ml] . % l(i le<t) - ntkD = (Un(tr), -, Un(tr)

i=1

converges in distribution to a Normal(0, ) distribution where X is the covariance matrix, with the
ith row and jth column entry being E[(1j, <¢; —t:)(L[e, <t —t;)] = E[l[&ﬁti]l[élgtﬂ] —tit; =
min{t;, t;} — t;t;. If we denote U to be a standard Brownian bridge on [0, 1], then (U(t1),...,U(tx))
is normally distributed (because Brownian bridges are Gaussian processes) and has covariance matrix
with entries exactly equal to the covariance matrix from above (due to the fact that for Brownian
bridges, E[U(s)U(¢)] = min{s, ¢} — st). Thus, we have that

(Un(t2)s s Un(te)) = (U(t1), .-, U(te)

12



Problem 4

Let X1,..., X, be ii.d. with mean 0 and variance 1, and let S,,(t) = ﬁ Z}Zﬁj X;. We want to prove
that (again for 0 < ¢; < ... <ty <1):

(Sn(tl)a s 7Sn(tk)) —d (S(tl)v s 7S(tk))

By the Cramér-Wold device, this is equivalent to a;S, (t1)+. ..+ arSy,(tx) —=a a1S(t1) +. . . +arSn(tr),
Va € R¥. But this is equivalent to a}S, (t1) + a5(Sn(t2) — Su(t1)) + ... + a4 (Sn(te) — Sn(tk—1)) —a
aiS(t1) + ah(S(ta) — S(t1)) + ... + a,(S(tx) — S(tx—1)) for every (a},...,a,) € R¥ (because for every

a, there is corresponding a’ s.t. everything is equal, and vice versa).

Lévy’s continuity theorem gives that this is if and only if the characteristic functions converge, but
because S, (t1), (Sn(t2) — Sn(t1)), .-, (Sn(tr) — Sn(tx—1)) are all independent (and same with S), the
characteristic functions of the whole thing will be the products of the characteristic functions of the
pieces, and so it will suffice to prove that the ch.f. of a(S,(t;) — Sp(t;—1)) converges to that of
ai(S(t;) — S(t;—1)), which is iff (S,,(¢;) — Sp(ti—1)) is distributed Normal(0,¢; — t;_1). This is simply

an application of the CLT and Slutsky’s theorem:

Y

Sn(ts) = Sp(tic1) = —= Xi=q —F= X
\/E i:Lnti_quLl \/ﬁ i=1

\_nt,-]—l_nti,ﬂ

_ L’I’LtzJ — Lnti_lj 1 Z Xz'

n LntiJ — I_’I’Lti_lj

—a \/t; — t;—1Normal(0, 1) ~ Normal(0,¢; — ¢;—1)

Now this holds for ¢ € {1,...,k} (setting to = 0), and as I said above, we can go from this to
convergence of ch.f.s by the continuity theorem, multiply everything together from independence, and

get back what we wanted to prove.

Problem 5

We have {U,} and {V,,} s.t. U, and V,, are independent for every n, and that U, —4; U and
U, +V, —+4q U for some U independent of the V,,. We want to prove that this implies that V,, —, 0.
Using Skorokhod’s convergence in distribution to almost sure convergence theorem, there is another
sequence {U/} s.t. U, =q U, and U’ =4 U, and U], —, s U’ (where again U’ is independent of the
V,.). Then by Slutsky’s theorem (and the fact that U, — U’ =, 0 = U], — U’ —, 0), have that

We can add an absolutely continuous function A to U’ in the expression (which keeps the — 4 if we
make A independent from everything; can see this because independence means ch.f.s can be multi-

plied, and if we multiply same thing on both sides the ch.f.s still converge to each other), we get that
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U’ + A is absolutely continuous (see here; a quick gist is that fx 1y (t) = [ fx(t — y) dFy (y) which
can be checked via integrating). So we can go ahead and assume that U’ is absolutely continuous and

thus has a density.

Suppose that V;, /4, 0, which means that there is e1,p > 0 s.t. P(|V,| > €1) = P(V,, > €1) + P(V,, <
—e1) > 2p for infinitely many n (denote this infinite sequence of n’s by S); w.l.o.g., assume that
P(V,, > ¢1) > plor all n € S (the case for P(V,, < —¢1) > p is just everything here flipped).

Now that U’ has a density, Fy/(t) is continuous, and so s(¢t) = P(t < U’ <t+1) = Fy/(t+1) — Fy (t)
is continuous as well with s(co—) = 0 and s(—oco+) = 0, implying that it attains its maximum s at
some (or many) finite ¢. Let ¢y be the left-most point at which s(t) attains its maximum. By the
continuity of s(t), there is some small enough ez > 0s.t. sup,<, ., s(t) = r < s. Take ¢ = min{e;, €2}
and denote p,, := P(V,, > €) (which means that for all n € S, p, > p > 0).

Now because U’ and V,, are independent, Pty < U' + V,, < to+ 1|V,) = Pto — Vo, < U’ <
to— Vo +1|Vy) = s(to — V) for all n, which means that P(tg < U’ +V,, <tg+ 1|V, >¢€) <r. But we
know that P(to <U' +V,, <to+1)=P(to <U' +V, <tg+1|V,, > €)P(V, > €)+ P(to <U'+V,, <
to+1|Vy, <e)P(Vy, <e),andsoforn €S, P(to <U' +V,, <to+1) <rpp,+s(1—pn) <rp+s(l—p)
(because p, > p >0 and r < s). Thus,

liminf P(to <U' +V,, <tog+1) <rp+s(l—p)

n—roo
<s=Plty<U <ty+1)
= lim P(to <U' +V, <to+1)
n—oo

where the last step follows due to absolute continuity of U’ (hence every real number is a continuity

point of Fy/). This is of course impossible, and so it must be that V,, —, 0.

Problem 6

The authors of this beautiful paper: https://arxiv.org/pdf/1810.01768.pdf (titled “Three re-
markable properties of the Normal distribution”, authored by Eric Benhamou, Beatrice Guez, and
Nocolas Paris), have explained the proof of the theorem in great detail. As an overview, they prove

4 lemmas, the latter 2 of which are used to prove the theorem. Their third lemma states that:

e If X is a real random variable with d.f. Fix s.t. there exists n > 0s.t. f(n) = [, e’ dFx (z) is

finite, and that the ch.f. of X has no zeroes in C, then X has a normal distribution.
The fourth lemma gives another way of computing f(n):

e f(n) can be written as

fin) =1 —|—/ Qacnze"zsz(|X| > z)dx
0

For the first 2 lemmas and the proofs of all 4, please read the paper in its fine detail.
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Now in the proof of the theorem, they begin by ruling out the case where X; + X5 has 0 variance as
trivial (which it is). They then prove that X; and X5 can not both have atoms because then

0<P(X1:a)P(X2:b):P(X1:a,ngb)gp(X1+X2:a+b):0

which is impossible. Thus w.l.o.g. they take X5 to be without atoms and so there is some m s.t.
P(X3 <m) = P(X; >m) = 4. Then they have the inequalities (for z > 0):

P(|X1| ZZ‘)ZQP(Xl Zl‘,XQ Z’I’I’L)—f—QP(Xl S—.’L"XQ §m)
<2P(X1+Xo>2x4+m)+2P(X5 +Xo < —z+m)

Using the fourth lemma, we see that for the f(n) corresponding to X7,
0<fm) =1+ [ 20 P 2 0) do
0
<1+ 2/ 2IT}26"2I2P(|X1 +Xo—m|>x)de
0
<2+ 2/ 202" ™ P(|1 X1 + Xo —m| > 2) dz
0

But this expression is 2 times the f(n) corresponding to the r.v. (X; + Xo —m) (let’s call it g(n)).
Because (X7 + X2 —m) is normal, g(n) is finite and so f(n) is finite as well. Finally, ¢x, ¢x, = dx,+x,
by independence of X; and Xs, and because ¢x, +x, is never 0 in C (another property of the normal
distribution), ¢x, can’t either. And thus by the third lemma, X is normal. Disregarding the trivial
case that X7 is 0 variance, we now know that X; has no atoms, so we flip X; and X5 to get that X5

is normal as well.
The crux of the proof lies in the third lemma; basically the key to cracking the problem was to

isolate enough properties of normal distributions that we could have some sort of checklist that would

guarantee that we had a normal distributed r.v..
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523 HOMEWORK 2
DANIEL Rut - 4/15/20

Problem 1

Define a sequence of partitions %,, = {(ty x—1,tnk] : £ = 1,...,n} of [0,1], where 0 = t,0 < ... <
tnn = 1, and define the corresponding rth variation of S to be V;,(r) = Y 1_; [S(tnk) — S(tnx—1)|"-

The mesh of a partition 2, is [|2,|| = sup; <<y, [tnk — tnx—1]-
Let us now look at a special case: %, = {(k;nl, 2%] :k=1,...,2"}. We want to prove that

as n — oo (i.e. as the mesh = % goes to 0), V(1) —,s oo. With this partition and because of
Brownian motion’s stationary and independent increment property, S(¢nx) —S(t,,x—1) are all Gaussian,

mean 0 and variance s, and so can be thought of as \/%Zk for Zj ii.d. Normal(0,1). Thus

E[Vo(1)] = Si-y Z5=El| Ze]) and Var[V,,(1)] = ¥3_, 3 Var[|Zy[]. The mean and variance of a folded

normal are \/g and 1 — % respectively, and so putting everything together we have

E[V,(1)] = \/127(2”)\/3 - \/27? and  Var[V,(1)] = 2%(2”) <1 - i) - %

As the hint suggests, we use the Paley-Zygmund inequality: for A € [0, 1],

2n+1
(m —2) 4 2nt!

(EVa (1))

P(Vo(1) > AE[V,(1)]) > (1 - )\)2Var[Vn(l)] + (E[Va(1)])?

=(1-))2 —(1=))?

Now we fix an arbitrary (small) A € (0,1), (small) € > 0, and (large) ¢ > 0. The above limit can
be written as: there exists some Ny s.t. n > N; = P(V,(1) > AE[V,(1)]) > (1 — A)? — e
Clearly, E[V,,(1)] grows without bound as n — 0o, and so there will exist some Ny large enough that
AE[V,,(1)] > ¢, which means that for all n > max{Ny, No}, P(V,(1) > ¢) > P(V,(1) > AE[V,(1)]) >
(1—X)? —e. Now because the partitions are nested so nicely, we can use the triangle inequality to get
that V,,4+1(1) > V,(1), and so [Vp4+1(1) > ¢] D [Va(1) > ¢]. If we denote V(1) := nl;n;o Vi (1), we get

that [Voo (1) > ] = U~ [Va(1) > ], and due to limit-measure commutativity for monotone sets,

n— oo

P([Veo(1) > ]) = p([j Va(1) > c]> = lim P(Vp(1)>¢) > (1— A% —e

n=1
And because A and € can get arbitrarily close to 0 and this inequality will still hold, we have that for
any ¢ > 0, P(Vo(1) > ¢) = 1, which means that Voo (1) =, .. 0.
Problem 3

Let Y1,..., Y41 id.d. Exp(1), and define Sy, = Y1 +...4+ Y} for 1 <k <n+1. We want to show that

) )
SnJrl Sn+1

16


https://en.wikipedia.org/wiki/Folded_normal_distribution
https://en.wikipedia.org/wiki/Folded_normal_distribution

where &,.; are the order statistics of n i.i.d. Uniform(0,1) r.v.’s (as above in Problem 2). The joint

s Tn) = nlfx (1) fX(fn)l[x1<...<xn]a

and so applying this to our case we have that fi¢, , . .¢...)(T1,...

density of order statistics in general is f(x,., .. x,..) (@1,

7xn) = n!1[0<w1...a:n<l]'

Sl Sn

Now we just have to show that (S RRRRER: +1) has the above density. First, let us establish that

(Y1,...,Yy) has density fiv, vy W1s--yn) = fyi(y1) - fyva(yn) = [They e Y11y >0,y >0 due
to independence. The change of variable theorem for p.d.f.’s (whose proof stems from the basic

change of variables theorem for multi-dimensional integration) says that if there is a continuous(ly
differentiable?) 1-1 function G : R® — R" s.t. (B1,...,Bn) = G(A4,...

we have that

,Ay) with H as its inverse,

on) = [Ju (b1, 00) | fra,,.. a,) (H(b1, ..., by))

for all (b1,...,b,) € G(S) where S C R™ is a set for which P((A4;,...,A4,) € S) =1 (and of course
Ju is the Jacobian matrix of H). Outside of G(S), f(s,,....5,) Will be 0.

f(Bln-wB-,L)(bl? ‘e

We now find our G: denote X, = SS:‘I (for k€ {1,...,n}), and X,,11 = S, 41; then we have 3, :=

_ — Y1 Yy1+y2 yit...+yn
(21, ey Zn+1) = G(Yn+1) where G(yn+1) = (y1+»--+yn+1 Ry EERE y1+m+yn:1 s Y1+ ..
Inversely, H(sq, ..

, (Sn—8n—1)Sn+1, Sn+1—SnSn+1). The Jacobian

-+ yn+1)~

S Sng1) = (81841, (52— 51)8p41, .- -

of H= (Hy,...,Hyy1) is therefore
Smal —Sna1 0 eeeee 0 0
0 Sn+1 —8n+1 ...... O
[01H1](sn41) (01H 41 (Sn41) 0 0 Sna1
[ JH(Sn+1)| = = :
[On+1Hi)(Sn+1) =+ * [Ont1Hnt1](Snt1) 0 0 —Sn+41 0
O 0 oooooo Sn+1 7Sn+1
S1 (52 — 81) """ (Sn — Sn—1) 1-— Sn

Because adding columns to each other does not affect the determinant (see (iii) of here), we can add
column 1 to column 2, then 2 to 3, and so on (making sure to keep track of changes to the bottom row)
until we have a lower left triangular matrix, which of course has determinant equal to the product of

the entries along the diagonal, which are n of 5,41 and one 1, yielding |Ju(sp11)| = sj4 -

Finally, take our set S to be S = {(y1,...,yn) : ¥i > 0,y; =y; = i =j} (probability that different
Y; take the same value is 0, so P((Y7,...,Y,41) € S) =1) so that G(S) = {(s1,...,8n41) : 0 < 81 <
oo < 8p < 1,8,41 > 0}. Putting this into the formula above we get

v 8n+1)) - lags)

—(s15n4+1+(52—51)Snt1+--.F+(Sn—5n—1)Sn+1+Snt1—SnSnt1) .

f(zl,-~~72n+1)(817 sy sn+1) = SZ+1f(Y1,-~~7Yn+1)(H(81) ..

=Spi1€ las)

—Sn+41

= Spi1€ las)
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Finally, to release our dependency on s,41, we find the marginal p.d.f. via integration:

(51,4, 80) :/ Spere - lg(s) dsnta

—S8
/ Spr1€ M Locs < <s,<1) ASnt1
=I'(n+1)-1 [0<s1< .. <8 <1] = n!- Ljo<s, <...<sn<1]

which is indeed the distribution we got from the order statistics of the uniform r.v.’s.

Problem 2

Let &,...,&, be i.i.d. Uniform(0,1), and let 0 = &,.0 < &n1 < ... < & < &nnt1 = 1 be the order
statistics, and let ,,.; = &y — Eniioq for ¢ € {1,...,n + 1} be the spacings. We want to prove that
Vn  max §n i —p 0

1<i<n+
From Problem 3, we saw that ( S Sfil) =q (€n:1y- -+, &nm), and so intuitively, by taking differ-
ences, (Snl+1 e, Sifil , ?‘J: ) =a ((5,“17 vy 0nm, Onant1) (arigorous proof could be carried out using the
p.d.f. transformation method from above). Thus, maxi<;<n+1 On: =q MaXi<;<nt1 Yi/Snt+1. Because

S}:j—l is independent to Sp4+1, maxi<i<nt1 Yi/Sn41 is also independent to S,11, and so

IE[ max }/z:| _E{HWS‘H

1BX Sn+1:| = E[ max 5n;1} E[S,i1] = (n+ 1)1[?{ max 6n:i]

Snt1 1<i<n+1 1<i<n+1

The order statistics of samples from an exponential distribution are well known; we will just use the

fact that maxj<j<py1Ys =4 Znﬂ % (see here; proved using p.d.f. transformations like we did in

Problem 3). This of course means that the expectation is

n+1
Hn+1
(n+DE L<I?<ar¥+1 57”'] =k [1<I?<avz{+1 YZ} Z =k [1<I?<a¢§+1 6””} Con+1

where H,, is the nth harmonic number. Markov’s inequality gives us that for any (small) ¢ > 0,

& \/ﬁHn+1
= . — < - <
<\/>1<I,fla’2( Onii > C) P(1<rzn<ag<+16n,z - \/ﬁ> ~ c(n+1) -

which implies that /nmaxi<j<pt1pn; > ¢ =, 0. As for other constants ¢, s.t. ¢, maxi<i<nt1On:

is bounded in probability up to an exceptional event of arbitrarily small probability (i.e. for any e,

_n_
logn?

there is C, and N, s.t. for n > N, P(c, maxi<i<nt1 < Ce) > 1 —¢), we could e.g. take ¢, =
which would yield

1 1 1 1H,, 1
P L max 57” Sc|l =P max 6n:i > c Og(n + ) < (TL + ) +1 o1
log(n + 1) 1<i<n+1 1<i<n+1 n+1 c(n+1)logln+1) ¢

and so for every € > 0, take C. = E as the bound for ¢, maxi<i<n+1n: (Up to exceptional event).
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Problem 4

Strassen’s function LIL gives that for Z, (t) = S(nt)/v/2nloglogn and continuous (w.r.t. the uniform
metric) g : C[0,1] — R, that

limsup g(Z,,) = sup g(f) a.s.
n—00 fex

where A is defined as

1P as < 1}

H = Clo,1]: f(0)=0 = '(s)d
{recoaso=os0= [ reas |
In our case, we have g(f) = fol fo(t)f(t) dt for some fixed fo(t) s.t. fo(0) =0, fo(t) = fg 14(s) ds, and

fol [f3(s)]? ds < oco. This is continuous w.r.t. the uniform metric because supy<,;<; [f1(t) — f2(t)] <

3¢l 5|2 implies that

1 1 1
[ i - | s [ gtz < Sl [ Vid=c

because

1 1 1
|fo<t>|=] | toasis as # [ it as [ U as = vallg.

Similarly, we have for f € A that |f(t)| < vt. We now establish several different bounds:

1 1 1
| noswas| [ wwso dt‘ < [ 1ol
0 0 0
Second:
|fo(O) F ()] < VE[foll2VE = t]] 5]
implying that

[|foll2
2

/Ofo<t>f<t>dts\//0 f3<t>dt/0 f2(t)dt§||fo||21//0 tdtz"@';

The third bound is in fact stronger than the second:

1 1 1
/0 fol®) (1) dt < / o) F(8)] dt < ||3]]2 / ft =

Third:

- e 1fol13
fot)dt < tl foll dt = B = |[foll2 <
0

0

|10l [[foll2 _ [1/oll2

—

V2 v2 T2

The first bound is rather mysterious. I could not find any functions f € A that could actually

attain these bounds. However, consulting with other people in the class led to this bound: denote
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f fo(t) dt; then

/olfo(t)f( / / Jolt) ' (s) ds dt = / / Jo(H)J'(s) dt ds
= / f’<s>fo<s>dss\/ / ()2 ds / 2(s) ds < || f2Il2

with equality holding for f defined by f(t) fo s)ds with f/(s) = |{;§|S|)2

/Olfo(t)f(t)dtz/lfo(t)/tf’(s)dsdt:/ / Folt)f'(s) dt ds

- 72(6) ds — || 72
||f0||2/ fo(®) ||fg||2/0 fo(s)ds =[[fgll2

f € K because the derivative obviously has square integral of 1, and the integral definition satisfies

the other two properties. Therefore, we have found our supremum:

limsup g(Zy,) =as. sup g(f) = || f3]2
fex

n—oo

Problem 5

Let ¢(t) be a characteristic function (so for some r.v. X, ¢(t) = E[e’X]). Fix ¢ > 0, ¢t € R, and
define g(u) = ¢(tu) and U ~ Unif(0, c). The law of the unconscious statistician gives that

Blgw)) - [ ™ o) for () s = / ol

Thus for any t € R, we have that E[e"*U] = [¢ @ du and so ¢(t) = [; @ du is the characteristic

function of the random variable XU.

Problem 6

The p.d.f. of the Logistic(0,1) distribution is e I)
o itx

fioo e (1+ T)Q dx. Looking at ¢ only along the line ¢t = iy for y € R:

. o0 . e;v B (oo} . ea;
o = | = | O e

—%— and so the characteristic function is ¢(t) =

Using the substitution u = H-% = du= —ﬁ dr and also = €* = % —-1= 1_7“, we have

b(iy) = /10(1 _u)_y(—l)du: /Oluy(l —w)yVdu=B(1+y1—y)

u
where B is the beta function defined as B(z fo 2= t)¥~1 dt. Finally, we use the identity
relating the beta and gamma functions: B(x,y) = 1“((192-1;;))7 the fact that I'(1 + z) = 2I'(z), and the
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gamma reflection formula: I'(z)I'(1 — z) = S(aay to get that

o _PA+yrl-y) yPri-y) = my
oliy) = r'(2) N 1 ~ sin(7y)

Defining 9(z) = Sah(azy: We get that Y(iy) = Sin;’(rf’ﬂy) = isif(fry) = Sin’zzy), and so ¢(iy) = ¥(iy).
Because both functions are analytic and agree on the imaginary axis, they must be identical, and so

% is the characteristic function of the Logistic(0,1) distribution.
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523 HOMEWORK 1
DANIEL Rut - 4/8/20

Problem 1

Given X with E[X] =0 (= E[X*] =E[X]) with d.f. F, We want to prove that

H(a,b) = X+ /[Oa]/ObquF( w) dF (v) = X+ /[Oa]/bo) i+ v dF(u) dF (v)

is a bivariate distribution function on [0, 00) x (0,00). First we prove it has mass 1:

H (00, 00) = X+ </[000>/ Ooo)—udF u) dF (v /[OOO)/ Ooo)vdF u) dF' (v ))

= &5 (/{0700) E[X™] dF(v) + F((—o0,0)) /X_l([om)) X dP)

—_

- ﬁ (B[X1F((0,00)) + (1~ F((0,00))JE[X*])
- E[)l(ﬂ (]E[X+] + F([0,00))(E[X ] —IE[X+])) -1

Furthermore, H is increasing w.r.t. both variables (with the other fixed) because u+ v is non-negative
and the measure F'(—u) and F'(v) are of course also non-negative. Lastly, it is “right-continuous” in
each of the its variables (with the other fixed): I will show the one where b is held constant here; the

other case follows similarly.

1
lim H(a,bg) = lim 7/ / u+vdF(—u) dF (v
( 0) [X_i_} 0,0 0.50] ( ) ( )

a\ao a™\ao E
. (E[—X . 1X*1([7b0,0))}F([07 CL]) + F([—bo,O))E [X . lx—l([o’a])})
~ aao E[X+]

which converges to H(aq, by) because F(a) converges to F'(ag) by right continuity of F', and because
IE[X . 1X—1((a07a])] goes to 0 by the DCT (dominated by |X| which must have finite integral because

E[X] exists, and because 1x-1((q,,q]) g0e€s to 0 everywhere as a ™\ ao).

Problem 2

(a) From lecture one, the sums of i.i.d. r.v.’s have the strong Markov property; in particular, if we
have n balls, R of them red, letting X; be 1 if the ith sample is red and 0 otherwise (i.i.d. because
we are sampling with replacement), S, = Y_" ;| X; (which counts the number of red balls drawn)

is a strong Markov process (and hence also a Markov process).
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(b) see (a).

(c) What if we do not replace? Is it still a Markov process then? Let us remind ourselves what a
Markov process is: {S;} is a Markov process if VB € % and all s,t € N, s < t, P(S; € B|ds) =
P(S, € B|S;) (where in this case of; = o[S1,...,Ss]) — alternative definition here. We utilize
the formula from last quarter: if Q = | |,_; D; for finite/countable I, and 9 = o[{Dy,...}], we
have that P(AN D)

Pu) = E L e
In our case, we have that o[Ss] = o[{[Ss = 0],[Ss = 1],...}] and Ay = o[X1,...,Xs] =
o{[Xs = (0,...,0)],[Xs = (1,...,0)],...}] (running over every vector of {0,1}* and where

Xs = (X1,...,Xs)). Thus,

P(S,=kNS,_1 =i
P(S, = k[S,_1) Z ¢ Plo 1_t11) )1[St71:i]
=1

H&—kﬁ&lzkh L PSi=knS1=k-1)
P(S;_1 = k) [Se—1=H] P(S;_1=k—1)

= P(St = k‘|St_1 = k)l[s’t,lzk] =+ P(St = klst—l =k — 1)1[5,‘71:;9,1]

On the other hand, denoting x;—1 = (21,...,2:—1) and |x¢—1| =21 + ...+ 241, we have

[Si_1=k—1]

P([X:=0]N[Xi—1 =x¢-1])
P(St - k|gjt_1) - . 1[Xt7 =Xt— ]
xf,_le%l}tl P([X—1 =x¢-1]) ! 1
|x¢—1|=k
P([X; = 11N [Xe1 = x¢1])
+ Z _ . 1[xt71:xt,1]
x¢—1€{0,1}71 P([Xi—1 =x¢-1])
|x¢—1|=k—1
Z ( )) ' 1[Xt—1:xt_1]
x¢—1€{0, 1}f 1
[x¢—1|=
R—
Z n— t— 1 [Xt 1=X¢—1]
x:-1€{0,1}t71
|xe—1|=k—1
Rk R—(k—1)
< n_(t_]_)> [St—lfkt]'i_ (n—(t—l)) [St—1=k—1]
because
[Se-1 = K] = |_| [Xio1 =x¢-1]
x¢—1€{0,1}* 71

‘Xt_1|:k‘
(which can be verified using a rather trivial C-O argument). Thus even without replacement this

process is a Markov process.
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Problem 3

Consider Cy, := CY([0,00)), i.e. the set of a all continuous functions on [0, oc]. We want to define the

- ane,
k1+Pk$y)

following metric:

where pi(z,y) == sup |z(t) —y(t)|.
0<t<k

(a) We verify that (Cw, poo) is indeed a metric space:

® poo(x,y) > 0 obviously because everything we are working with is > 0.

® Poo(Z,Y) = poo(y, x) obviously because pi(z,y) = pi(y, z) for all k.

® po(z,y) =0 < x =1y : (<=) is obvious because then pg(z,y) =0 for all k; (=) is
also pretty easy because the only way for the sum to be 0 is if every term is 0, which means

for all k,  must equal y everywhere on [0, k], which of course means that z = y on [0, c0).

e Finally, the triangle inequality:

m = (1 +pl<y>) = (1 1 +sup0§t§: o (t) — y<t>|)

1 1
= sup 1—>: sup (1— )
0<t<k 1+ |z —yl 0<t<k I1+jz—z+z2—y
1 — —
< sup (1- ): 5up< v =2+ ]z = | )
0<t<k 14|z — 2[4+ |z =yl o<t<k \1+ |z —z| + ]z —y|

1
|z — 2| 12—yl >
= su +
0<t5k<1+|x—z|+z—y| 1+ |z —z+ |z -y

< sup ‘JZ—Z‘ |Z_y‘ >
To<t<k\1+ |z —2] 14]|z—y]
v — 2] ) ( |z~ ] )
<sup (—F—— |+ sup ([ ——— z,72) + pr(z
0<t£k 1+ |z — 2] ogtgk 1+ |z —y o (T, 2) + pr(z,y)

Yay!

(b) We now want to show that poo(z,y) = 0 < pi(x,y) — 0 for all k € N. Because |C| = |R|
(see here), we just have to concern ourselves with sequences of functions x; where t € [0, c0).
Pk (2t,y)
2" T+pk (ze,y)

as t — 00, poo(Ti,y) - 0 = 2%% — 0. The only way for this to approach 0 is if

pr(ze,y) — 0, and so we're done with this direction.

( = ) Because all the terms are positive, po (¢, y) is of course > for any k. Thus,

(<) Fixan e > 0, and fix an N s.t. 2%, < §. Now because pi(x¢,y) — 0 for every k, we know
there is ty, s.t. pr(x¢,y) < § for every t > t;. This means that for ¢ > max{ty,...,tx}, we have
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that

1 (e y) — 1 pi(ery)
k ty k ty
poc(T,y) = ) oF >
(0] §2k1+pk(zt,y) ,C;N:H 28 1+ pr(2e,y)
N 0 N
1 1 1€ 1 € €
Szﬁpk(ihy)ﬁ- Z ﬁ'1< 27k§+27N<]‘ 54—5:6
k=1 k=N+1 k=1
which means of course that poo(2¢,y) — 0 as t — .
Problem 4
Let Xg = 0 and X1,... be i.i.d. with mean 0 and variance 02 < oo. Of course, S, = Zle X; for
ke Zzo.

(a) We wish to find the asymptotic distribution of % S S ; for “appropriate” ¢,,. We will proceed
using the machinery developed in 12.8: define S,,(t) = \F ZL"” X;. Writing S; in terms of S,,

we have that S; = /nS, (%), and so i S S = ‘CC > i1 Sn(L). This is kind of looking like
a Riemann sum; we can make the connection more obvious by setting ¢, = n®/2. Intuitively, it
feels like the sum %2?21 Sn(%) would go to fo t) dt. We prove this rigorously below:

Letting S/, (¢t) = S"f‘(t) (so it has variance 1), the Skorokhod embedding theorem gives that
IS7, = SII := supo<i<y S,(t) = S()] = 0 as n — co. Thus |7 370, (%) — 5 L1 S(5)| <

i=1%n n i=1
Ly ISh(2E) - (l)\ < 7112? ISk — S|| =[S}, = S|| =, 0. Because S is almost surely every-
where continuous, ZZ 1S() —as. fo t) dt, and so putting things together, we can say that
Zzln(' _>pfo dt<:>1211 ()_ﬁ?‘jfo t) dt.

fol S(t) is ~ Normal(0, 1) (see here). It has mean 0, and variance that we calculate below:

( /Olg@dtﬂ:E[ /1SW /KWS] g [ [ e Syt ]
// dtds—/ / min{t, s} dt ds
—2//t 1t<sdtd3—2//tdtds—2

. n i 1 n 4 1
Thus all in all we have 23" | S,(L) =, o [[S(t) = 13" Su(L) =4 o[, S(t) ~
Normal(0, 02/3).

E

(b) If we take the absolute value of |.S; above, we will still have |S;| = /n|S,, ( )\ and so - Zz 1 1S: \ =
YRS [Su(2)]. Furthermore, we have |1 377 [87,(4)] — 2 377 [S(4)]| < }Lzl 110G
SN < 3511805 =S < 3 IS, =Sl = 1IS], =Sl =5 0. £ 3 IS()] —as.
fol IS(t)| dt with the same reasoning as above, and so = 3" | [S/ (%) —, fol |S ) dt <~
& i [8a Gl =y 0 fy IS@)] .
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Problem 5

I’'ve narrowed things down to three potential topics, from which you can help me pick the one that

I'll do my project on:

o Fleming-Viot particle model: problem 6 from https://sites.math.washington.edu/~burdzy/
open.pdf, and https://arxiv.org/pdf/0905.1999.pdf. I could study this problem, try to
understand the Arxiv paper, consider variations on it, or even (with astronomically small prob-

ability) crack the open problem given by Burdzy at the end of his discussion of problem 6.

e Maybe a variant /further study of “longest increasing subsequences”, https://www.stat.washington.
edu/jaw/RESEARCH/PAPERS/1is.pdf? I mean, you wrote the paper so I would assume that you
have some ideas on further paths to pursue (assuming of course I am of the ability to do the

pursuing).

e In class a couple days ago you mentioned a topic that you said your colleague from grad school
should write a book on (something do with optimal transport and Brownian motion?). Perhaps

there is something from this area that I could write a little bit on?

e These past few days contained a lot of material (Markov and strong Markov, Skorokhod em-
bedding, the LIL) that I would like to go over in depth (the pacing was too fast for me to fully
understand what was going on). Perhaps the paper could allow me the time and place to go
through everything and write up proofs in detail of the things I mentioned above. My only
concern is that this topic is too “simple” in that you already covered the material in class, albeit

at a quick pace. Do you have any suggestions about how I could make this topic work?

Problem 6
Let us remind ourselves with the reflection principle and Mill’s ratio: for a > 0 and 7, = inf{t : S(¢) =

a}, and X(t) =St +74) — S(1a) =St + 7,) — a,

P([ sup S(s) 2@]) :P([ sup S(s) za} N[S(t) za}) +P({ sup S(s) za] N[S(t) <a]>

0<s<t 0<s<t 0<s<t

= P([S(t) > a]) + P([ sup S(s) > a} NX(E—74) < 0])

0<s<t

but the second term is (because X(t) is independent of %, and [supg<,<;S(s) > a] = [1, < t] € Fr,):

)
= E[Upuppe,c, 59201 - P(X(E = 7a) < O|s,)]

= E L. 50200 - PX(E = 7) < 0])]

< 1r( s 509 2.)

0<s<t

P(| e, 569 2 o] (e = 7 <01) <[ P( | sup 56) 2 o] (e - 7) <0

0<s<t 0<s<t
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where the % comes from the fact that the probability of a Brownian motion being < 0 at any given

time is % Combining everything together gives that

P(%m>&w24>=fﬂmﬁﬂ)=ﬂﬂ$ﬂzﬂ)

0<s<t

Mill’s ratio is that

1
TN < 1= 8 < 30N

We want to show that
S(7) —S(n)]

v2nloglogn
where the stopping times 7,, are such that S, = ZZ=1 X}, is embedded in S: S, = S(7,,). Fixing
¢>0andr>1s.t. TC_21 (for some fixed & > 0), defining X(¢) = S(¢t + ™) — S(r™) (which is a

standard Brownian motion on t € [0,00)), and recalling that S(¢) ~ Normal(0,t), we have

P( sup |S(t) - S(’/‘n)‘ ) > C) < P( sup X(t) > cr/2rn lOgIOg(Tn)>

rn<t<rntt /21" log log(r™ 0<t<rntl_pn

( "(r—1)) W) —2P(\/ (r—=1Z>c 2r”loglog(r")>
210 log(r™
20 (2 T < it (- o)

f chl—o{gnn—c /tr=1) for n large.

—as. 0

IN
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