









































































































































Daniel Rai danrui ucla.edu
or math.ucla.edu

textbook Axler's Linear Algebra done righti

EEFEMotomnonlenytocd.mnnpnF
R R2 1 3

i if Iduality

real Euclidean
Euclidean

space

Inotationibaipworswatadection

Demi t pas some operates ions

114 91,110,7
1

usually R

group theory or ring theory
have underbing sets

different operation

G G
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mi i
or wasdefinedas others use the bar

on I

finengtshithitsaffytsalangggiamingsetsunthat

ftp.si fxe x2as a
thesetofintegers

2 1 O 2 3

siderite in N set of natural numbersiii i
0 1,213 2 set of integers GermanZahl

and I usually stick wt th's Q set ofrationals Q for quotientµ

y set complex s Rt Ri
a ebi a be

in English set of all X in 2 such that X is equal
to La for sort 2

Finest that x iseven
5elements of S

10 I 20 1 30 40 i 50

i even s

Notation UFO or forever

Zutphen
or for some












































































































































for all

5 xt

0 empty set

ble there is nointeger x such that it

equals Za for all a EZ

XI 2 1 2 9 1

2 2 4 9 2

2 3 6

Hungama of
b and I y

It possible
true U people I a day that is their birthday Equal g

g www.yyygamwnyyyy
tEIIitm

mm IE

men T Éfeet_

Rigorous definition 3 pieces of into

e
X input paceDomain

domff Y outputspare

affairs
x y Wh Xt X y EY












































































































































every Xe X has a corresponding y EY

for every X there ousts some pair in P
N that looks like Oxo y

for ans pain x y then is nooth
i

A codomain

a set of pars Cx 42 xer

thy is summanted in the sentence

F X Y defined

The 2rules an satisfied

for eves input X I have an output
x

for my input x I only hate output












































































































































graph of function
to p A N IR

graph'Inatties notsatists rump
forbids holes in

pas si 1
14 the graph

of I can restrict the domain R x

i

forbid graph crossing
vertical lines more than
once

Maintakeaway when you talk about a
function you

must notonly define it using some former












































































































































flx xZ IR R

you must also specify the damn adf.LY

NI

xiN Xno

Z a

1

a by enlarging th'd
I made it a function

well defined

i

for all

is 2 e Sa If 2 was in Sz then

2 2 a for all a E Z

this is false ble taking a I

2 2 when is false












































































































































6 23 22 115A

JoH23pontaestotha45PMThel
point when working w function always beside to poeterably

but at theVey least think through what the domain.fid a

of the function

If the functions name
is f then ape f É j output

make sun that for IxeA f applied to the

input denoted ÉÉÉg jo
1 injectivity sajectiit

W

y a un
É

existential statements uniqueness
thin for
ODE

É
i

theorem there is no smallest positive rational

suppose the contransaffpositieratrondin this that is spporthisappossiblitt
Goat produce some kind of contraditiony












































































































































consider I

Iz is rational Directproof k rational
exactly means that

k Pq for p g Ey

Then I Eq p 29 EZ

here I Iq is ratio

Ez isposithe.proksodividnsbF
a positive 2 pus ever

no iiitiiEii
by k puseves inequality

i k a 2 k dividing I k

Vey explicit the contradiction was that

1 k we said we smallest Poth atom
A
contradict

2 he found a smaller position rational d

Pf by contradiction

T.jo gggeimatodD

Inana
rational

É_ ya rational number

tyg by
cb ade
bd E 2












































































































































Explicutcontraditor

2 but our hypothesis lead to x
benylation

Whenever you want to pave something

É

Tif
L

Pen

Emmy prove

1ft for each nein
the is one claim that
can benumerically check

Thoughtexpennent suppose I had a vey long live at dominoes

scenario 1

I 1 I 1 l I

I billionth domino and push it over

what it
scenario

11111 1111












































































































































Ins
now makes the assignment trivial Yust push our

the 1st and want and you an sure that the 1 billionth
downho is knocked our

The fundamental this that changed is that in Scenario 2

I have given you that guarantee that eveydomino will knock over

next domino in line

9
principle of Induction

tells us it I can prove that fpainploespluth
thn just by proving Pli Impt for

all Nt IN

you give me any NEIN a trillion I knock over

tnx

n n.mn no
over

Examy y zt.net z.f I want to prove

Play is

Pca pone

motion

hiding ayy
I

NII t get Itn
ca tZ

Just knocking over or proving Pll finishes theatre theorem












































































































































i

aBICsubsets.at

IWTD want to show WI waza

0

Drop tn

i i
s x y es xsy and Xz y

am X Y E XEY andX3

one element xtus DAB.tw Xqf

myp
in it I I É sadly it is not

obvious that
one should
do the breakdown

IC X E RHS into thesespecifi
cases But

my beliefisthat

pjIm
sameaps
thinking come

w experience time












































































































































Suppose Xe RHS ThnxtA1B vA
r

or

a c x Bnc

communication concise
andclear

i iGood idea to always Ltd so

we want to determine

whenyou are proving pubctains

it proofby contradiction induction
m m

at
YLet

consider

when breaking into cases be clear about this

Best to say ofcases
connecting phrases like weget whichyields

andso

Whichproduces hence then
You can use symbols it this an very common and therefore

lead to a smooth speak expener
I ALWAYS Good to pretend
Gowan unties a proof to
give a presentation in front

of others

J

Bruin Learn Discussion Tab












































































































































1 2

a Evey US contain zero vector

true see axioms Unicron cancellation

Ithm
b

Lai corollary 1
of Thus I I

False 8 Then Taib Elf ax bx oi
Suppose the contrary

i
that atb

toward a contradiction

Then
off

to and hence has a multiplicate inverse ca 551

Then
ax bx ax bx o Multiplyis on both sides by ca 55

a F x alsoknownas dividing by ca b

It that
x a b O to

andy x 0
IItraduction












































































































































t
easy counterexample dont give up hope yet merely

restrict so I no longer applies

false take a

Again what it
a 0 is true

By the same argument
as above divideby

a

Main idea at both proofs was divide

2 not afieldMath 210

1 3

Ndyyp
whatexqtetan Remember

specify addition

as
tuna

Iaea
a V is a US WE V mutt

structure
subspace of V

False

b












































































































































1.3.10 wa can aneI ocean is not

a subspace
y nosed man Example it

d F IR then

Ctn f
twee

Oftener 10 1 0 O ti

of V n

Not a subspace Slc fails

Not closed under 1,0 10 E Wz
t

i
2

Eggo 2 0,0 co

pyonnetwt
Iden.Toshowsomethnsequelsogshowiffff

properties that O satisfies
so was a o o so show a.pt fkyg principle

idea Turton
to be
bestidea

prince
incr

ggyynynupw.yyni.gg












































































































































Why want to strengthen V4 l e why want uniqueness of add
the

Suppose hector v and it has 5 additive inveses
Wc WweWang

we can not use the notation

The point of the thin Cumquers of inverse is that it allot

i

example
in Ipf

angloy bit vectorspace and convexity

0

j Exactly Exercise 1.3.23 Cb












































































































































you're shown wit wa is a subspace

Wi I Wi t wz We E W t we will follow by symmetry

r
suppose v e wi ve wit wz

we know o e Wz So v t o

Ew Ew
E wit wa

But VI ve 0 so we indeed haveshown ve wit U2

w a.ae
Example 3 of textbook says F R F functions form Us

so suffices
toshoh

form subspace of p Just needto
check

3things from
thin 1 3

closed under addition

Suppose f g an even futons on R Wes feg is even

Thats
g t fog et t ter

if

e

g
g gga.gg

evenness

Dona












































































































































Whatexactly
do I

6 30 22 mean
Remember

I to specifyUS Must
1 3 l scalar

subset
that is also a

spiffygedelution
I

a V is a US WE V mutt
structure

subspace of V

False

It however w is subsetof v that is also a us t.tt
Peettd
the

same t and scalar multiplication as V then W is
Quapaw au qq.mg

Counterexample addition

consider the Us 112 w standard of
scaler malt

R is a Ys over the field IR

consider the subset Co co

within
Imsaesp.o.int closedan

closedorder

sealant
However let me equip e at the Ris structure

a b it ab

I c ed i
left for youto check us among

however I'll do dustributativity to

show you

XO a b I doa do
it

Lab allbi f

Seems a bit magical but I tell you its actually the

same US as R t












































































































































In th follows sense Loco

a x

p
exec o o

atb Is eat

eaeb.twaainong.mmpanee
de te ed ee

i
between R t a and Coco O O

Thepointof a basis adjust
a set of vectors insider vs v

is that I want to represent

every vector in V uniquely as a dowercombination of elements

th basis

Recall above mentioned themes of math

panning Existential statement
Iampresentation for every vector

nowC Uniqueness statement unwelinnofweep












































































































































Bases are therefore the spam and
tendent

sets

Def XS every vector ve U can be written

as their combo of elements of S

In other words the elements of S and their scaling
sums

reach span all of U

LI set v Val if v a Vi t tank

In particular O vector has unique representation

D O u t t Oun

bin t buy
then bit o

implies the fall case because it
it in

then Ca bi v t can bn Vn 8

www.t.j
iotitaixi

Patty vectors in V However usually basis is fine
so simplifies ofthings we need to keep track of

especially useful for deting limen transformations B c












































































































































I can define T V W just by specifying value of T

on basis of V

lets say basis u un of V and we demand

Twig Wei I can then detre T on all of U

as follows let V EV be arbitrary Then by basis

extensionbyYuan e ea.vn arson aim

wit eanwn

is unique

you can imagine something bad would happen if

Egyptc waivit tanh
bi wit dawn

yieldsame cut then what do I say
ter is

i i
iÉ

thinly it vs V is
gemet.eduf.s fgpagts ith

some subset of V is basis for u in particular V hee

t.au.es smsaaa.nhgimh
I conspiracy

veiny In thesense that












































































































































2 ways of provingthis MsÉ'ssmall start at south you
know is LI

and grow till it's spanning
preserving LI

shrinethod stat big ie al sparing set s and

remove until it's LI
Freserving

spanning

Your hook does sadprofessor
Mondaythis week

start at S when is spanny It is eaten LI or LD
É

jgIf LI done Exactlybasis

It LD then by def we have nontrivial rep of 0

setofindices
example I 113,415 9 17
When ve i n no S

Then we can rearrange aj Vj

if
di Vi

ble at ten divide

ftp.t9
Thus j etch V ble if I ha ve V
written as

V Eg ivi t
aid

and get linen combo notinvolving Vj

pg22












































































































































insnII.fm
msamrmanaspanmse

If Ss Istimeonumanumeaspanism
Iterate Bla s is fin.it iii termination pitymay steps
How is it possible to terminate well if LI us terminate

if LD not done can continue

removing

So the only that theprocedurecould haveterminated is if he ended at
a LI set

Dat

My sincerest apologies my scheduling got a

bit off due to the holiday yesterday so

I would like to reschedule todays discussion

to 4 5 pm LA time Now 1 2pm LA time

we can treat as office hours Feel free to

stay for OH and ask any questions you'd like

to ask OH from 2 3 pm LA time

m Isemthapanmy
Agenda sets using the replacement lemma and using this to

prove all bases have the same site












































































































































OH 7 5 22

HW2 Problem 1 is I think HWI81 se 23ca

HW2Problem 2 V is US Si Sc EV sit s n 52 0

TED
WI s us is LD

staff y

tip rephrase
matheticalon

equality by proving
2 inebuatties into English the spans of s se

overlap Caontrially
inthiscase

breaking down
É

s use LD means by def that

Imi gyy.gg

É

i i i

Thispattern is linear
ofcontradiction

thebeerof linearindependence












































































































































Summary use definitions of facts we are given in the case LD

É

th tomassata now infront want

a follow your nose Lainie
Eg always have in mind proof techniques like contradiction

F.mhmspasinspfo.wss.us isLD

u ble otherwise liver combo

mom
i

r

Remand the G direction does not need sins 0 but the E direction

did Also the E direction doesn'tneed s and Sato be LI

Tip When doing a problem that gives you certain assumption

chances an they are all used somewhere So be vey conscious of

where you need them and when you don't

so e g thy to come up at counterexample for the claim

e if sins z t o

sx so.nIÉ M j
Procedure start finding a spanning set of

wit we or win wz
vectors inside w two that span Witwanearness












































































































































remove vectors until linearlyindependent see pt on page 22
of these notes

regarding turning717122
addition wine

spingstintow isspannedby fi 8 98
we sparedby É 1757Mt 5vectors For winwz prom

pic qt 8 From renouthat it Io

gyp

MY

Fundamental theorem of vectorspaces

i

Discussion

sets using the

replacementammalgandsingthisthrd

Fineman

key idea of
Ott

we start at

u um 4 th

ti i
u consider us Ifn which we know must
then be LD and spanning

from this w will be able to remove of vector from
Cheoriginal

to get back to a settbot site n s

to get something like us Vi V2 V4 V5 Vnor d
s got removed displaced

The infiltration will slowly move all the u vectors inside of the original S
while keeping it spanning and site n












































































































































Eventually we all have infiltrated the entire set u o o um

into the original set s while keeping it spammy and site n

that win mean that
men

wwan
É Fi

Ta size mlet L be arbitrary UI set u um

S be arbitrary spanny set u r un s size n

we consideri i
What LI well u É airi ble ri un is spanny

we know u 0 ble u um is LI

t.IE FdEt

YbYqassany
andbletheaficent is 1 0 so this is

a

unapt
of elements of a u Vn

u hav that U Vi Un is a LD list

Ptnniswinsembrenningyto get back to a'settbot site n












































































































































Details u V a guy site net

spanning

he said above this was LD which means we have

nontrivial linear combo

a a t b v t a burn 0

non trivial means some ai bi 0

ice of proof

a
grearranging

and using but 0 we get

iiThis hi hi Val Val un is site n

annoying
kaeomlusdainamonoa.my

is a site nel spanning LD f
step

repeat of before of minor change

Renan to th












































































































































jk
nontrivial linear combo

iii

non trivial means some

of proof

Alert does that even exist in other words

in order to have bu be the last there needs to exist

qq.gg

It is true that I can remove any vector in a LD

spamming and keep it spanning Why was I so picky

about bae being last montero

Ble by doing that I ensured we are removing a

Imretoriatanactor
In order to remove a ul vector noticerton
I need some b coefficient to be nonzero

How do I guarantee this This is when LI of a un

is used

Then we would her 9 U t 9242 0

Cy u u g gu um an yo












































































































































the means that some b coefficient must have been

and so we can do the exact same thing as before

and remove a v1 vector

is successful

intiltratyfyj.ggdfpDesired

called D2

EÉ

Ystrad

produces a site nel spanning set limealypdependet

step show that I can remove a u vector

A chin'tittriginal s to get Dry
size n spanning

and has I won

a vector than Dk
in fact Ky many
u vectors

By doing thy at stage m I will have produced

D when his all m u vectors from the original L

Ein
men












































































































































tht
say u how 2 bases Bi Bzlets

B LI Ba spanning Bil E 1021

Bi spams Ba LI 1B I 2 11321

I
1131 Bal

fattmtaaplanyaapw.tn
Linear Algebra Done Right pg 34 according to the

pg in th so

Thungdaylardquertmbonpg 3fm
Mttgven a basis u un of some V

scaling one vector preserves basis cut gun
Sasi'sadding on vector Mtv2 uz UnI is basis

I will use the to prove rare nudity on Thursday












































































































































7 7 22 Today
review the basis theorem I discussed last time
discuss some manipulations of bases 4 context

ofmatrices

rank nullity theorem

Daniel'sgripe in
maththotten

you are given

the statementof some problem theorem and then

you are asked to prove it

of course this is impotent skill but I th

comingup at the comet statement to prove
in

the firstplane is very importantalso and unfortunately

Ig

eared

y
not sets ble sets forbid reoccurring elements

Fistreview slogan

statement yay LI lost a m and'tspanner list vi

I claim m In

Prootstogen fonewordilnfiltrationcotuvertonintorvectons

step dd FIFtv.ve gtthenEf

_i

V1 V4

I can infiltrate u vectors into u vectors until I have

t
i

as the proof
But adding one more u vector

MI

my












































































































































so this is exactly what goes wrong if we somehowhad

longer list of LI vectors than spanning list

steps given net length spawn lost wl som

u vector in beginny and v vectors at end

want to add in
a u ve

slogan LI of

y
and remove a u vector

wreaths
I 41 euu.jomers

D.IT

can minor board and preserve

spawning

Kent Bk in any É list I know some

vector I can remove and preserve spanning

i

i

spanning lost men

Mostimputationharibakesharsamsite come er

ntm

Axley LADR pg 37

I Suppose Vi Vy is basis of V e.g
1,0 0,0
i

o o o cv2 V2 v3 Vi V4 Wy is basis
in 4












































































































































start at basis via Un
theorem

Rowoperation therms

Latah atty rearrangement of ve un is also basis

b d'hcan scale anyvector by nonzero scalar and remain basis

c today v uz uz uz Un also basis

Pf a obvious trivial

lb to check ban
spun

LI

spy let ve V Bla ve un spans

a ve t t a nun

I evil y e any
Vespa cue vz v

E start m a cavil t t anva to WTS all aid

will ca c V t tan unto by LI tu Uh

n
92 0

j o

all ai 0 ble divide bye

corollary above only shout couldscale v

But Ca and b together us canscale anthy

c spang v air t azure t an un

a Witvz t z ai ve t c t anun VEspan ultra Va

Ii it away a my am

then CI Vio uh a o

aitaz o

73 0

so

all ai o












































































































































corolla a b cc together mean can add any scaling of

any Vi to Uj and keep basis

t pieces so that all pieces together as themed

At the very best my method is using easier

Ball to Axterproblem

gg Ig Vi V2 V2cus i V4 K V v2 V2 V3 us Vai i ii

basis bars

imaginedongthe problem fromdef

how much easier my thin made it

basis of Am By bases havesame size men

I can ante it u asaiatif
This encodes the lineartransformation T R An

mapping standard vector

I
I

o c g
0 o

in 1122

YI ftp cwgusmmndy3blb
youtubevideo

on visualizing litem
transformations

9
WATCH












































































































































and itfinvenbkt Y iWBMX.at a exercisefor you

theism is exactly columnoperation

on the matrix fi r y
can encode these by linen

transformations matrices

Y
U't

columnoperates

M C matre

w
d

corresponds to

1 firstelement
ofbasis

4 1 2nd
elementofbasis

And thrown above is restated as

Ithstrautomatonisinab
n ul t uz y Un venous basis

so sayingthe same thin in 12
language T is inverse

det 0010 fi is invention

i
Spans WitWz

and similarly weEspen vi un
WI Espan 4

umiii

EÉÉÉÉj MI

ed
Tod
dim Wit L












































































































































124 V La a a g ef Ehess addition componerture

Clan 92 a o K ee F

it

MMÉ
so today c o ait

ago
he get 0 1,0 1,0

But in US we know that O V 8 and lo is not 8 in V












































































































































Agenda
Rank MMM theorem Danielson inmaintain youanswer

thestatementssomeproblem theorem
another

712 22 you areasked to prove it
ofcourse this is impotentskin sa Ith

through tens of duality comingup with cement statementtoprove
in

us summat m
Iq.gg
ggiif

mm

mmaoiFnyÉ
Rowoperation theorem start at basis via uh

Theeminghafting
any rearrangement of ve un is also basis

gfscallycan scale anyvectorby nonzero scalar and remain basis

cos
dd

Vi V2 V2 U Un also basis

I Corottery given basis kin can add

any scaler multiple
of vi to rj and remain basis

m a

Ranceanunitythered start by thinking about linear maps T U W

which maps a basis Vi o un of V to tail ten in W

i
i

iI
Lui Tun maynotspan

W

but whenjustdealing at
T we can

ignore the unreached partsof W imy

ble even if we remove them T

remains unphorsed hugeCt
Gm

am mg iq












































































































































gf

removal than from last week that can remove some

vectors to get a basis LI subset By relabelling htt

say after removal we are left w bass's Ijf
what happen to Taj for j

Moret
linen deputy at n ton an nm Lytton

Iextrasalways lead to 0
T Vj É ai TCui

É
linearity of T

but from ban's tamper resistant thin's

Vi Um a Vj Éaivi Un remains a basis

coefficientmP9aiI index i

t
m ii

when K 72
In otherwords we have basis vi uh and we have massaged it into

basis twp twin of ima W and it set

Wiggly wana

pi swwumti_unspmInuuctl.d
suppose

Exercise

Mr Md The Tex o

Y umuh un basis of V x ai vie E bi vi
Applying T O x Fai Tai t O
But TCU Tum II in im T all are am o Xespan Vinesring












































































































































Tamnuittmanses nutriment
about

how a basis is changedby

a linearmap T

Hever fun cute part
relationships among Tcu Tn U O in Wspace

renamed
c

GT mmwtfpn.m.my
proof is the one in book

start of basis of my t
the step regains us to know the

null14 isspecial but ing
that is not clean until after

he r Um ahoy proof computation

at bat of V

technical manner Mittntt does not span V tuna

on vector which we call LEV
compar to ntinspan add it tocollection

1 2weaves I showed
contrive until reach ve Uh

you how
to go from

when he dim V

ji mystifying is LI

uim

to show Vi Uh is LI suppose f s o e

it is b I

1tsfjjf.mn

I

nnn.my
j is not in span of previous

u um Vi Un m is basis of V

show TCU Thun is basis of n CT I range Tl

Exercise

pg 63 of Axler












































































































































ft

d

Dualitishearp please watch 36lb

dot products and duality's

Determinants see my pdf

dawielrui.com papers desert Island Math pdf

for my thoughts on the matter

2.1 14 a
pone

t is injective mops any LI subset

of U to a LI subset of W

word onto in problem chosen very poorly Imo ble

if T not sparing I LI subsets of W namely nonzero vectors

not reached by T

FM zz mjanEfee
eu nta

fi n N

so g should be interpreted
as

we have the vector
aib writ E

lil ifb a e t b ez

1 Vi t 1 v2 9 6

want to find ix y
wa.FI ifigtttx.YJtyC

L












































































































































I want basis 22 1 Y 1

0,2
writ E

s

I.to i man
Bz v Uh

then eley vector re V can be unttenas v au oui

I but vi
ice v wat Bs Leanne

V wrt Bz bu bun E

i i s
lvwnt.BA
bu bun

a translator map T n n

memo T must wer f I
IExwnnipwmmnem tcanbeanttnasm.at

Now figure out what
the matrix is

117119111112
Fats 1stcolumnat matrix

That is to say 1st column of for v s t

air












































































































































I e Ven produces columnof a's

1st column of matrix U writ B2

simian

ftp
dump

I

otbae matrix

t

as.ca mail.tn
what translates from B nepusuttato to Ba representation

HQ Ala
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Practice 115A Finals




With Solutions:



https://www.math.ucla.edu/~tao/resource/general/115a.3.02f/final_solutions.pdf 



https://www1.cmc.edu/pages/faculty/Bhunter/math115a/final-practice-solutions.pdf 



https://jenseberhardt.com/teaching/F17-115Adata/practicefinalsolution.pdf 





Without Solutions:



 https://www.math.ucla.edu/~tao/resource/general/115a.3.02f/115aw.pdf 

















































































































































































































































































































































































