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Personally, I feel that intuition isn't something which is easily explained. Intuition in mathematics
is synonymous with experience and you gain intuition by working numerous examples. With my
disclaimer out of the way, let me try to present a very informal way of looking at eigenvalues and
eigenvectors.

First, let us forget about principal component analysis for a little bit and ask ourselves exactly what
eigenvectors and eigenvalues are. A typical introduction to spectral theory presents eigenvectors as
vectors which are fixed in direction under a given linear transformation. The scaling factor of these
eigenvectors is then called the eigenvalue. Under such a definition, I imagine that many students
regard this as a minor curiosity, convince themselves that it must be a useful concept and then
move on. It is not immediately clear, at least to me, why this should serve as such a central subject
in linear algebra.

igenpairs are a lot like the roots of a polynomial. It is difficult to describe why the conce
root is

ot because there are few applications but because thert 0 many. If you tell me

all the roots of a polynomtal-then mentally I have a € of how the polynomial must look. For
example, all monic cubics with three look more or less the same. So one of the most

central facts about the of a polynomial is that T nd the polynomial. A root literally

omial, limiting it's shape.

Eigenvectors are much the same. If you have a line or plane which is invariant then there is only so

much you can do to the surrounding space without breaking the limitations. So in a sense

eigenvectors are not important because they themselves are fixed but rather they limit the behavior

of the linear transformation. Each eigenvector is like a skewer which helps to hold the linear e
transformation into place.

Very (very, very) roughly then, the eigenvalues of a linear mapping is a measure of the distortion
induced by the transformation and the eigenvectors tell you about how the distortion is oriented. It
is precisely this rough picture which makes PCA very useful.

Suppose you have a set of data which is distributed as an ellipsoid oriented in 3-space. If this
ellipsoid was very flat in some direction, then in a sense we can recover much of the information
that we want even if we ignore the thickness of the ellipse. This what PCA aims to do. The
eigenvectors tell you about how the ellipse is oriented and the eigenvalues tell you where the ellipse
is distorted (where it's flat). If you choose to ignore the "thickness" of the ellipse then you are
effectively compressing the eigenvector in that direction; you are projecting the ellipsoid into the
most optimal direction to look at. To quote wiki:

PCA can supply the user with a lower-dimensional picture, a "shadow" of this object when
viewed from its (in some sense) most informative viewpoint
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Practice 115A Finals

With Solutions:
https://www.math.ucla.edu/~tao/resource/general/115a.3.02f/final_solutions.pdf
https://www]1.cmc.edu/pages/faculty/Bhunter/math115a/final-practice-solutions.pdf

https://jenseberhardt.com/teaching/F17-115Adata/practicefinalsolution.pdf
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