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Lecture Notes

Theorem 1. A monomorphism is injective, and an epimorphism is surjective.
Definition 2. < is injective, —» is surjective.

Definition 3. There are several interesting matrix groups:
M, (R) is the group of all n x n matrices under addition.
GL,(R) is the group of all invertible n x n matrices.
SL,(R) = {A € GL,(R)|det A = 1}

On(R) = {4 € GL,(R)|AAT =1}

SO, (R) = {4 € SL,(R)|AAT =TI}

Sl e

Definition 4. An exact sequence G; i Giy1 ﬂ> is exact iff (Vi) ker f;11 = Im f;

Definition 5. A short exact sequence is one of the form

1*>G1—f~>G2—g—>G3*>].

In other words:
1. f is a monomorphism
2. g is an epimorphism
3. Imf =kerg
Sometimes referenced as “s.e.s.”

Theorem 6. If H <, then
1-H—-G—->G/H—1

is a short exact sequence, and all short exact sequences of this form for some H,G.

Theorem 7. Cayley’s Theorem: Every group G is isomorphic to S(G), or the symmetric group acting on
elements of G.

Theorem 8. First Isomorphism Theorem. If f : G — G’ is a group homomorphism, then there exists a
canonical isomorphism from G/ ker f = G'.

Theorem 9. Second Isomorphism Theorem. If H <G, and K < G, then:
1. Hh K< K
2= HeR R
3. HaHK
4. K/(HNK)>® HK/H

Theorem 10. Third Isomorphism Theorem. For any H < G
1. There exists a one to one mapping between subgroups of G containing H and subgroups of G/H. This
mapping preserves normality and subgroup relations.
2. KaH«<«G = (H/K)<(G/K)
3. (G/K)/(H/K) ~G/H



Group Actions
Definition 11. An action is faithful if G — S(X) is a monomorphism.
Definition 12. An action is transitive if Va,y € X, 99 € Gy = gx.

Definition 13. The orbit of z is
Gz = {gz|g € G}

Definition 14. The isotropy group or stabilizer of x € X is
Stabg(z) = {g € Glgx = «}
Definition 15. The centralizer of x € X, is simply the isotropy group under the conjugation action

Gy = Ca(z) = {glgzg™" = z}
Theorem 16. G/G, — Gz, where it’s only a bijection of sets and not a homomorphism

Theorem 17. The orbit stabilizer theorem says that for any group action
[G : Staba(g)] = Orbg(g)

Theorem 18. Class formula

xz; orbit representatives

Definition 19. The normalizer of H is the stabilizer of the conjugation action on subgroups of G
Ng(H) = {g € GlgHg™* = H}
Definition 20. The center of G is
Z(G) ={h € G|Vg € G,gh = hg}
or the intersection of all centers of G ((,cq Ca(9))

Definition 21. A p-group is a group of size p* for some k.

Definition 22. A Sylow subgroup H < G is a subgroup where |H| = p" and (|H|,|G/H|) = 1. In other
words, it is the p-subgroup of “max order”.

Theorem 23. Sylow I: If p | |G|, then there exists a p-Sylow subgroup in G.

Theorem 24. Sylow I
1. Any 2 Sylow subgroups are conjugate
2. Any p-subgroup is also a subgroup of a p-Sylow subgroup

Theorem 25. Sylow III: If N, is the number of p-Sylow subgroups, then
1. N, =1 (mod p)
2. N, | |C]
3. N, =1 <= Sylow subgroup is normal

Definition 26. A short exact sequence (5)
LS H=d 5K

is split if there exists some ¢ : K — G such that poi = idg.

Theorem 27. A short exact sequence given subgroups H, K < G
1-H—->G—->K—=>1

splits if and only if G = H x K.



Theorem 28. G = A x B if and only if
1. A,B<G
2. ANB ={e}
3. AB=G

Definition 29. For some implied group action ¢ : H — Autg,(IV), we sometimes use the notation hn to
denote p(h)(n)

Definition 30. The semidirect product given groups N, H and a group action ¢ : H X N — N is defined as
the product except with the group operation as

(n1,h1) - (n2, ha) = (n1p(hy,n2), hiha)

and is denoted N i, H. Oftentimes the , is dropped because it is implied (or is conjugation).
The inverse of (n,h) is (p(h=1,n=1),h71)

Theorem 31. If G = N x, H. Then NG, H <G, and N < H. Additionally, conjugation by elements in
H corresponds to the group action (.

Theorem 32. If N, H < G. Then the following are equivalent:
1. G 2 N x H considering the action when H acts on N via conjugation.
2. N«G,NNH={e}, NH=G
3. d7 : G — H such that

7

H2 S H

and moiyg = id and N = ker 7.
4. There exists a split short exact sequence

TN G S H S
Definition 33. A filtration of a group G is a tower of subgroups
< Go< G <Gy =G

There are a couple different kinds of filtrations:
1. Finite: If G,, = {e} for some n
2. Normal: If G; < G;_4
3. Abelian: If normal and G;_1/G; is abelian

Definition 34. The commutator of two elements z,y € G is

B —mr g

For two subgroups G1,Ge < G, the commutator subgroup is

[G1,G2] = ([z,y] : x € G1,y € Gy)
(Note that the set of commutators is not a subgroup in general)
Lemma 35. If H, K <G, then [H,K]|<G.
Definition 36. [G,G] is the commutator subgroup, or derived subgroup of G.
Theorem 37. G/[G,G] is abelian.

Definition 38. Let G(© = G, and G = [G, G]. Define G® = [G—D GGV, Then the derived series is
the filtration
e @ c V) « O = g

Note this is an abelian filtration, and G®) <« G.



Lemma 39. If G is a finite group with abelian filtration, then G has a normal filtration with cyclic quotients.

Theorem 40. 1. G/[G,G] is abelian
2x

[G,G] = e

G/N is abelian

3. The following universal property holds:
a ! A
w iE =
\ . where A is an abelian group, and f = fow
G / G, 6]

Definition 41. 1. G,, = G/[G, G], and is known as the abelization of G.
2. G is perfect if G =[G, G|

Theorem 42. The following are equivalent
1. There exists a finite normal series in G with abelian quotients.
2. There exists a finite normal series in G with abelian quotients and G; < G, for each element G; in the
series.
3. The derived series terminates at e.

Definition 43. G is solvable if any of the equivalent conditions in theorem 42 are satisfied.
Definition 44. H < G is central it H < Z(G)
Lemma 45. H < K < G. Then H <G and K/H < Z(G/H) if and only if [G, K] < H.

Definition 46. A filtration --- < G; < G;_1--- < G is central if it satisfies one of the following equivalent
conditions:

1. G;« G, Gi/GH—l < Z(G/GH_l)

2; [G“G] < Gi+1.

Definition 47. The descending central series for G is
< Iy < <G
where I'1 = [G,G] and T'; = [I;_1, G|
Definition 48. The ascending central series for G is
e=Zyg<Z1<--<G@G
where Z; = Z(G), and Z; is the group such that Z; <« G and Z;/Z;,_1 = Z(G/Z;_1).

Theorem 49. The following are equivalent
1. There exists a finite central series for G
2. The descending central series terminates at e
3. The ascending central series terminates at G

Definition 50. G is nilpotent if it satisfies one of the conditions of theorem 49
Theorem 51. If Gq,...,G, is nilpotent, then so is Gy X - -+ X G,,.

Theorem 52. If G is nilpotent, and H < G, then H < Ng(H).

Theorem 53. If P is a Sylow subgroup of G, then Ng(Ng(P)) = Ng(P)

Theorem 54. If G is a p-group, then G is nilpotent.



Theorem 55. If G is nilpotent, then G = P; X Py X --- X P, where Py, ..., P, are the Sylow subgroups of
G

Definition 56. G is simple if it does not have proper nontrivial normal subgroups.

Definition 57. A normal series

e=Gy<G < <G, =G
is a composition series (or Jordan Holder series) if G;/G;_1 is simple.
Remark 58. Solvable groups have composition series

Definition 59. Let --- < G; < G411 < -+ < G is a normal series.
A refinement is then any normal series which contains ...,G;, Giy1,... in the same order, but with an
additional subgroup different than all the G;.

Definition 60. Two normal series are equivalent if there is a one to one correspondence between intermediate
nontrivial factors such that the corresponding factors are isomorphic.

Theorem 61. Jordan Holder: Any two composition series are equivalent.

Lemma 62. Zassenhaus: If Hi <H < G and K1 < K < G, then:
1k Hl(HﬂK)DHl(HﬂKl)

2 Kl(HﬁK)DKl(Hl ﬂK)
3 H,(HNK) ~ Ki(HNK)
2 Hl(HﬁKl) s Kl(HlﬁK)

Theorem 63. Schreier: For a group G, any two normal series have equivalent refinements.

Free Groups
Definition 64. Given an alphabet X, a word is a sequence of elements from X IT X!

Definition 65. Two words u, v are equivalent (u ~ v) if we can get v from u by adding or removing elements

of the form zz!.

Definition 66. The free group on X is the set of words F(X), where the group operation is concatenation.
Definition 67. If W is a set of words on X, then we consider the free group (X |W) as the group of words

on X where two words u, v are equivalent if there is a way to get from v to u by adding or removing elements

of W or elements zz 1.

Remark 68. (X|W) is a group with respect to concatenation.
Remark 69. F(X) = (X|2)

Remark 70. All elements in F'(X) have a reduced form, which is of the form

Theorem 71. Let X = {z;};c;r and W is a set of words on X. Let G be a group generated by {g;}icr
such that for all w = z;, x4, ... x;, € W that gi, g4, ... gi,, = e. Then there exists a unique surjective group
homomorphism from (X|W) to G, being z; — g;.

Theorem 72. Let X be a set and G be a group, and ¢ : X — G be a map of sets. Then there exists a
unique group homomorphism ¢ : F'(X) — G such that

e sl e
|
F(X)

commutes



Theorem 73. For any G, there exists a free group F'(X) such that F(X) - G.
Definition 74. For two groups G; = (X1|W1) and Go = (Xo|W3), the free product is defined to be
G1 * G2 == <X1 HX2|W1 & W2>

Definition 75. For groups A = (X4|W,) and B = (Xg|Wg), H = (X,|Wg), the amalgamated free product
A xpg B is defined to be
(XA Xp|WaAUWE U{p(z) = 9P(z)}eexy)

Remark 76. If N C A B is the minimal normal subgroup containing all words ¢(x)y(z~!) for 2 € Xg,
then % ~Axyg B

Theorem 77. For all commutative diagrams
H—— A
@
=

B%A*HB

there exists a unique f such that the diagram commutes.
Remark 78. The free product is a final object in the category of groups.

Theorem 79. A xy B is unique up to unique isomorphism.

Rings and Fields

Definition 80. A ring R satisfies the following properties
1. (R,+) is an abelian group
2. Multiplication is associative
3. The operations work with distributivity and are both associative.
A ring is said to have a unit if it has an element 1 such that 1-a =a-1 for all a € R.
A ring is said to be commutative if ab = ba for all a,b € R.

Remark 81. 1. All rings in this class are assumed to have units
2. All rings in this class have that 1 # 0.

Definition 82. F'is a field if:
1. F is a commutative ring
2. All nonzero elements are invertible

Definition 83. A division ring is a non commutative field (just has invertible elements).

Example 84. If F is a field, then F[z] is the polynomial ring with variable x.
Flzy,...,z] is the polynomial ring on m variables.

F(x) is the field of fractions:
_ ] =)
Tl {g(fﬂ)

ﬂ K =F,

RER

where K is a subfield. Fj is termed the prime subfield.
The characteristic of the field is defined as follows:

f,geF[l“]?g#O}

Definition 85. For a field F:



1. If Fy =2 Q, then the characteristic is 0
2. If Fy 2 F, for some prime p, then the characteristic of F' is p.

Definition 86. For rings R, S, f: R — S is a ring homomorphism if
1. f(a+b) = f(a) + ()
2. f(ab) = F(a)bf(b)
3 F(0)=0
4. f(1) =1if 1 exists

Definition 87. I C R is a left ideal if
1. I is an abelian subgroup with respect to addition
2. Forallae R,and bel,abe I.
In a commutative ring, left ideals are right ideals.

Theorem 88. If f: R — S is a ring homomorphism, then ker f is an ideal in R.

Definition 89. Let I C R be an ideal. I is generated by (a;);cx if for all a € I, there exists coefficients in
b; € R such that
a = blail SF bgah SEDEEE bnain

1 is finitely generated if it can be generated by a finite set.
I is a principal ideal if it can be generated by one element.
We write I = (aq,...,a,) when I can be generated by {ay,...,a,}.

Definition 90. We call a € R a zero divisor if b € R such that # 0 and ab = 0.
Definition 91. R is an integral domain if there are no zero divisors except for a = 0 (and is commutative).

Definition 92. R is a PID or principal ideal domain if R is an integral domain such that all ideals are
principal.

Definition 93. If I C R and we have the relation a ~; b <= a—0b€ I, then R/I .= R/ ~.

Theorem 94. (Isomorphism Theorem): Let f : R — S be a ring homomorphism. Then f induces an
isomorphism R/ ker f = Im f.

Theorem 95. (Correspondence Theorem): Let I C R be an ideal. Then there is a 1-1 correspondence
between ideals in R and ideals in R/I.

Definition 96. P C R is a prime ideal if Va,b € R such that ab € P, thena € P or b € P.

Definition 97. M C R is mazimal if A1 C R such that M C I C R.

Theorem 98. Given an integral domain R, R is a field if and only if R has 2 ideals, R and (0).

Theorem 99. P C R is prime if and only if R/P is an integral domain.

Theorem 100. M C R is maximal if and only if R/M is a field.

Corollary 101. Maximal ideals are prime

Corollary 102. (0) is prime if and only if R is an integral domain.

Theorem 103. Every proper ideal can be embedded into a maximal ideal

Definition 104. s € R is a unit if it’s invertible.

Definition 105. » € R when 7 not a unit is irreducible if whenever r = be, either b or c is a unit.
Now assuming R is an integral domain:

Theorem 106. If a € R, then (a) being prime implies a is irreducible.



Theorem 107. If R is a PID, then for a € R, a being irreducible implies (a) is prime.

Definition 108. Let R be an integral domain. We say R is a UFD or unique factorization domain if for
all a € R, there exists a unique product

a4 = Upip2 - .-Pn

such that u is a unit, and the p; are irreducible.
Uniqueness means for any other factorization vqgigs . .. ¢, that
S5Eni—sm
2. After reordering the g;, we have that p; = u;q; for some unit w;.

Theorem 109. A Euclidean domain is a PID. A PID is a UFD.

Homework Problems

HW 1

Theorem 110. If G is a set with two binary operations * and o, with an element e such that
1. e is the identity for both operations
2. (aob)x(cod)=(axc)o(bxd)

Then the operations coincide, and are associative and commutative

Theorem 111. 1. If @ has order n, then a™ = e = n|m
2. Subgroups of cyclic groups are cyclic
3. Homomorphisms out of cyclic groups are cyclic
4. All subgroups of Z have form mZ. z“ m!
5. All subgroups of Z/mZ are isomorphic to Z/dZ where {é-mi—+.
6. All finitely generated nontrivial subgroups of QQ are isomorphic to Z.
HW 2
Theorem 112. If (m,p) = 1, p prime, and a an positive integer, then (p;;”) is not divisible by p.
Theorem 113. Ng(H) is the maximal subgroup of G in which H is normal
Theorem 114. If H < G is index 2, then H is normal.
Theorem 115. If H <G and (|H|,[G : H]) =1, then H is the only subgroup of order |H]|.

Theorem 116. The orbits of GL,,(C) are matrices with different Jordan normal forms.

Theorem 117. All groups of order p? are abelian.

HW 3
Theorem 118. If G is a p-group and H is a nontrivial normal subgroup, then H N Z(G) # {e}
Theorem 119. Aut(Z/qZ) 2 7Z/(q — 1)Z

Theorem 120. All groups of order pq are of the form
1. Cp xCy
2. Cp xCyif pl(g—1)



HW 6

Theorem 121. Let PSLy(Z) = SLy(Z)/{—1,1}. Then PSLy(Z) X2 Zo x Zs.
Additionally, SLy(Z) & Zy gz, Ze.
Theorem 122. If B, is the group of upper triangular matrices over a field F', then B,, is not nilpotent.

Theorem 123. If GG is a group generated by 2 elements, where every element in G has order dividing 3,
then |G| < 27. One example is G = Us(F3).

Definition 124. Let G be a p-group. The subgroup

is the Frattini subgroup of G.

Theorem 125. 1. &(G)<G
2. ®(G) is the minimal subgroup such that

G/®(G)=Z/pxZLlpx---XZL/p

3. ®(G) = G?[G, G]
4. Let G’ be another p-group and f : G’ — G be a group homomorphism. f is surjective if and only if

F:G/®(G) = G'/2(G")

is surjective.
5. {x1,...,x,} is a system of generators for G if and only if {Z7,...,Z,}.

HW 7

Theorem 126. (Chinese Remainder Theorem): If A;,..., A, are ideals in R such that A; + A; = R for
i # j, then there exists z € R such that x =1 (mod A); and z =0 (mod A); for ¢ > 1.
Or, R/(NAi) £ R/A; x...R/A,.

Definition 127. Let R be an integral domain. A Euclidean function on R is a function AA\ {0} — Z>
such that any a,b € R,b # 0 there exist ¢, € R such that a = bg + r and either » = 0 or A\(r) < A(b). R is
a Buclidean domain if it has a Euclidean function associated with it.

Theorem 128. 1. Z[i] is a UFD.
2. The units of Z[i] are 1, —1, 4, —i.
3. The irreducible elements of Z[i] are 1 + 4,1 — i, primes p, or a + bi,a — bi when a® + b? is a prime.

Theorem 129. If F is a field, then letting deg : F'[x] — N, we have that using deg as the Euclidean function,
F[z] is a Euclidean domain.

Midterm

Theorem 130. (1) Let p < g < r be primes. Prove that a group of order pgr cannot be simple.
(2) Let p > 5 be a prime. For which p does there exist a simple group of order 12p? (For each p either
establish a simple group, or prove it does not exist. You can sight facts about alternating groups A,,).

Theorem 131. Let G be a solvable group, and N <1 G be a normal subgroup. Prove that G has normal
series with abelian factors {e} = G,, <G, 1 < ... <Gy = G which contains N (that is, G; = N for some ).

Theorem 132. Let G be a p-group. Show that if G/[G,G] is cyclic, then G is also cyclic.

Theorem 133. Let B,(p) be the (finite) group of n x n upper triangular invertible matrices with integer
entries considered mod p. Show that

1. B, (p) is solvable.

2. B, (p) is not nilpotent.



SUMMARY OF TOPICS AND A FEW PRACTICE PROBLEMS,
MATH 504, FALL 2020

General principle: the expectation is that you are well versed in everything covered in lectures and
homework. In particular, know at least one solution to all and any homework problems, including
all presentation problems. Know how to prove all theorems stated or proven in class. The list below
is not claimed to be comprehensive but I tried to mention most of the topics we covered. If you
notice an omission, let me know!

asic concepts:
1) Basi t
(a) Groups, subgroups, homomorphisms, cosets and double cosets, normal subgroups, fac-
tor groups
) Group actions, stabilizers, centralizers, normalizers
) Presentations by generators and relations
Exact sequences, split exact sequences for groups
g
) p-groups, Sylow subgroups
) Direct and semi-direct products
) Center, commutator subgroup
) Filtrations, derived series, central series, composition series
) Solvable and nilpotent groups (several equivalent descriptions)
Free groups, free products, amalgamated free products
groups, p ) g p
) Ideals, maximal and prime ideals
) units, zero divisors, irreducible elements
(m) Factoriality, PID, UFD, Euclidean domains

(2) Fundamental examples:
(a) Symmetric groups (everything about them you learned from the worksheet),

) dihedral groups (various presentations)
) cyclic and abelian groups
d) groups of small order
) matrix groups.
) free groups

) Polynomial rings as examples of many things

€

) Cayley

) Lagrange

) Three isomorphism theorems

) Class formula

) Jordan canonical form

) Sylow theorems (two proofs for the first theorem)

) Jordan-Holder theorem; Zassenhaus lemma; Schreier’s theorem

) Universal property of groups given by generators and relations

) Frattini subgroup and Burnside theorem

) Characterization of prime and maximal ideals in terms of quotients
1
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2 SUMMARY OF TOPICS AND A FEW PRACTICE PROBLEMS, MATH 504, FALL 2020

(k) Euclidean = PID = UFD

1. A FEW PRACTICE PROBLEMS

Disclaimer: this is not a comprehensive list. Once you are confident you’ve gone over all homework
problems, you could try your hand at these, and then continue with an almost unlimited supply in
Dummit and Foote.

Problem 1. Classify all finite groups of orders 1 through 10.
Problem 2. Classify all groups of order 2015.

Problem 3. Show that the dihedral group D,, of symmetries of regular m-gon is isomorphic to a
subgoup of

(1) Sm,
(2) GL2(C).

Note: We now know at least 4 different presentations of D,,: as a semi-direct product of cyclic
groups, by generators and relations, a permutation representation, and a matrix representation.

Problem 4. Let B, < GL,(R) be the subgroup of upper-triangular matrices, T;, < B, be the
subgroup of diagonal matrices, and U,, < B,, be the subgroup of upper-triangular matrices with 1’s
on the main diagonal. Assume n > 2. Show that

(a) Uy is nilpotent. What is the minimal length of its central series?

(b) B,, is solvable but not nilpotent.

(¢c) By, is isomorphic to a semi-direct product of T,, and U,.

Note: U, is called the unipotent subgroup, B,, - the Borel subgroup, and T;, is the torus (of GL,,(R)).
The statements are valid for any field of coefficients F', at least if characteristic is not 2, and so should
be your proofs.

Problem 5 (Prelim 2006, #7). There are five nonisomorphic groups of order 8. For each of
those groups G, find the smallest positive integer n such that there is an injective homomorphism
o: G— S,.

Problem 6 (Prelim 2009, #1).

(1) Classify groups of order 2009 = 7% x 41.

(2) Suppose that G is a group of order 2009. How many intermediate groups are there—that is,
how many groups H are there with 1 C H C G, where both inclusions are proper? (There
may be several cases to consider.)

Problem 7 Using what we learned since the midterm, find a new (short) proof of problem 4 from
the midterm.

Problem 8 Give two different proofs of the first Sylow theorem.
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Problem 9 (Prelim 2005, #5). Let R and S be commutative rings with 1, and f: R — S a ring
homomorphism.

(1) Show that if I is a prime ideal of S, then 2 Ci - ringy :
i) ={reR:f(r)el}

is a prime ideal of R.
(2) Let N be the set of nilpotent elements of R:

N ={re R:r™ =0 for some m > 1}.

N is called the nilradical of R. Prove that it is an ideal which is contained in every prime
ideal.
(3) Part (a) lets us define a function

fx: {prime ideals of S} — {prime ideals of R}
)

Let N be the nilradical of R. Show that if S = R/N and f: R — R/N is the quotient map,
then f, is a bijection.

For more practice on commutative rings, review all the problems from the last homework.

e el e s )

-
= pee oy ble-vétio). -
e YD s P Tt
l Uik aetilzy Tea {0n) - L)€y € T bic flo) e L, T idead
> vrae £7U(T) -

£(a) o €l6) €L

= ; = (L)eL>
abe £7(2). Hen  £(ab) = FA)F(b) e

Now H T if pnive. Swppose
"0 for sowt wm2l% Fhe nilradicad of R.

). N=frerR= ¢ : “p 3 (-a)=atd (@) =0
« orime ideal - Fist, N U tdeal, blc 0€N, HaeN® o™ =
swppose P R & gt s - (@™ =0, wd @) =0
LSS
Now It aeN. Twn a"-0. But 0€P, 5o a-a"'efP D e L
ow ‘
Ll or a"'e P. Easy o see w con yust keey rediniy exponcet b ullivedely gut €. ad;—hl ‘:":’W]/
E g : : ( Qs ‘:ﬁb‘%ck‘;?‘m\
Ll P P el IS0t
(.3) ‘E' ;. %f we = O’F < .F"(I)' IR _‘:U): r,.l(/.
shaw iAVEASE of by s 94 dfid o5 PP P, P prime tdeed 'mll.{ . P"Jr_v,;,,... o3
= - . Wipep ): ref\: N=
" lj.(P)) :‘Fa({-HP)‘ 99?3) = falfpui: Pép%) : et S = fref: cepnd = panN =@
% Cead €13 v NEP.
(e (2D = geldre® aheEl s G (put (W)

: Srw.‘ reﬂ,’*velit e



Gis P-90wp- X
Wwts: ¢ CT/CG/G-] 's cyclic, +hon G s gyclic - SuffNewy 4> show G & ahelien

Potlom 7 (Logk b $u Fuathin' Subgammp Sechon below)
beal (Thm 10 in G doc) Hw Gilorivy o regording [6:6]

o G/CGfCr] fs obdbvan

i e /\ N
G/N abihion

r Untversed [;mpu-l/j of shelianizobion -
L
G ’—/’/—?}' ! W A i an w‘ob""owf" 9v‘0wp
TN%é ¢ od £: Fon

frook L2 |n Frathiai secton v showed [¢,6)< F(®)



Lewma  albe, (ab)=1.d alc.

f%ﬁwm 6 . (Frnl- by pane fadwmitation o Bezout ‘Mb)
2 2
CLMIM"-J (AU 0MJ 01/ W m.l = 7 q‘ (wa (Q/b)'—‘/ fﬁ,c):‘, 4+ (a;bt)=|.
(f not, Hen 3 some prime :
and  Sylow 4/ growp - P pla 7 plec
) Y .9 “f But f”( = P‘b o P“/ contradichbn:

Sylow 1 giees eustence  of  Sylow 7 gvp (ordev 49

D) Ny * o)

Sfow @ gives N2 (mod 7, Ny 2241 3 N, Y4 5 Az |4l buk not 4l blc 41| wodT
: S M= 1D H, A Sylow 1 growy i
Ny 2 | wmod Y, n‘“";h” 5 ‘”l-ul‘H ) y grovp s norme

2 N = e 42, but not 42 blc 47,“4.
% n'fl :I @ N/ +"‘L .SL’IOW ‘“ 9mwr) s no’m

inG .
Cloarly. AN =fe), bl ronchivid shments b o] haw order 1, and for H B oam
in AR IH Ik (poof: KK hos K[ symabols, and hi= hek, & 3€eHak sh.
IHa kl tzftl,t so each duweet in Hi s
224K ripranted by u&nd‘g Hak|
producks .

(posf2:  Hxk adi on HK by (hr= huk'

stabilicw o 1€ HK is all (hk) nb. hk'=1 & h=k, ie
i (t4) ste te HAK. So Stab(1)T HAK. )

w gob thet  HK hes ordy 09
orbib ot L is ol of HK. g0 orbd-stabilizer—thm gives [Hxk| = [HK| [Hak)

ad e mstbe G-
“‘“k;’ 6V = lorb ||stab]

The, by dmbfication thn b direct prduts

G2 HxN.
Recall (see Thayy (17 in

kX
W know +hak blc N|= ¢ is prive, N Z,. But we do not Enow Hhic about H, whin has orde 1. e oy
ek all grovgs o ordw

Wil Hocontard 1 dvwrk o order 49, gy o, Hon H= a7 2 Z44. 7 ane abelian.
otlus possibility 1 thet H hay alt elommb e 7. ek a be aonfripial) ord wnsidir <a>

. Ma 2
T ble H is ebeMon, ad g H. Take ¢owe b hOW’Y‘V\‘P‘L in H\Y ;vmn‘b\n/‘?

Ada has ordur 7.
4 H. desrly do>n <o) = {e) by ovstrackn ok b)) and (ke obove w hae +hot

b
KWL e o (> = H

[¢a> N <V =
5o ajo«:V\ b) i dumhficahbn thm  for direct f”d"‘d—:l He 27 xZ7 : ﬁ W"k‘lf‘ m W Mm S
ig e

zﬂle” 2 Lo m py ISP ok Doy & Frote.

Z7X 271(21‘,, 2 '12.7"77

[Card> | =

Tha, +w  growps b ovds 2004

lo. How Ma\w} ‘(M‘WM“O‘H, GYVM'PS), Posstbih'fk/l v (H" 7,41,44, 87

al ;ub,roura A Zupq o isomorphic fo

oll um'n"‘l[‘/ and m otbers -

Z/AZ o a A‘V\ (M\l n fat- ol 2/d2 wt “W"J\' Sb Z;, 2‘“/ Zﬁ“\, 2737

once
Cast 8- G2 NOTE! [ebt proof only wwks bl 7 (287,
Zw-’ X 27 ’./(‘Nro) In abowe, iF @ thivk of ﬂ“ X zq(,

(M‘“’D subg P ;Mu' 7 {‘H, SeE g 1), (40%) - .- (4,6) each gmernte dishacé  ordev 7 subgrop- J in Tyq —
: ¢ - (2,41
o an obber 8 in btk coordinate will juik lie in one of-He (41, n)) . o b e e )

P A L S 1 2200 ordir 4t ble (2,41)2), all 4 sawe g of ords 267 P A L F NP })
7 M each ,ML dishnek ool Ul subgrovp- 14 |
(19 oll
w {1 . gnurck
e == dols ) w1 sebgronp, 2 5#“'&#‘1 Grovp
: p x
Foally thow 15 (0,1) , gmerating wdo 7 Subgrarp. I < 04111

and Hua u1,0)(001)) s o 49. 4
(8 IlV\-kAfW\l«Jv“de }‘rbmf/i



Move rigovows (root:
G2 2, * Ty WL Kow Ao is watpue Sqbw 7, U1 greap , so [ each of ordws HA, 41 2

How mang sabgougs of ord 70 Thye are gelic, so w

b
7 i
()(,‘1) ey 7)(7—0 and 7j~0 ; /‘h, oo bing # ordys~ 7 @wav‘-j}
5 W G Courhng cadh ondv ]
7 options {qg/ 25‘)5 x 7 options SMLV"’"”P 6 timey
~ lopkon (both cant be 0, thets = 4§ N 4y
jdanbidy W) T = &

HOJ mej .5‘11')9'“"‘”0 0'6 ordur ?/8'72 LA A be such « growp
EV (qqctvU'J thm ;, H hey dwmirts  of o 4l ard 7, 547 a/b. Tiem <oy N KLY :f&}/

1<l lkoylz 4172287 9 H= @ x<by -

4
l?ojsibl'N“, 8(0555\;”\'{*:’”’ so & ot Foss/L”‘*‘w

] gt5t2 - (8 !



if ovelop , (xy)(yt) = (x27)§ /
vat  (p)(xy)= (yza)* P
Hoo dowt commdt , buk  a,b,c do-

so wwt

WMM s
hoawe 26 dumenpd
Te e v
c 1: 12,( 7, X 22 3 W nou( 49 have ordis 2 , 50 -frﬁnJ/aonT'O’J . Cart aw_w(p.f >
(v sond ngt—-‘/) ap (42>, b (3,4) , ¢k (5K6)- €& saffices

a b
we2: ZyxZ. sed a b leng¥h Y cycle . b b fransposithn. Mo ovedep,

$o ajlu\f\ 2 6. ap (1234) b b (56) . 6 sallices

need 28 olumuts . (2347676) (uffen , £ sufficed

wy it n<§
Sn hes ao metd of ordu £

Cast 3°: &

Cse §: Dy . € n<q, dhm [Snl<&  so wo. Sq wvH (see froblm 3 of fined rsiew).

AH'WO\{“{_ ?WOG ‘MW" SL‘;SS’ d/D/\‘4‘ wsvle (h CNM ‘/)—/3. D“ s fl,‘,Dle ﬂAbjfﬂVP 0€ SL(/SS / “’\d

o\ §low 2 - swbgrops ot )l henee l‘somvlabvc/ o Ht obelion gyo-ps of Gses (2,3
can nok be lsoww]ohnc v a sice § ;uh,yovp of 5‘1,55(5"‘“' ol site & fubymv‘n ok 5S¢, S¢ ave
Sylow 2 - subgroups.

Cose §: B =<2, i,),%| slae , iPojrekt=ij=E) Coyleys thm  gives W‘w‘d'\'j Qe & S .

- sl & -1
Sy |t e, g =y
font 'm\ch{—:‘vM £:6 > 8, Ten w howe achon 4"-&:(5..—)8'«.

Suppose Qg isoworphic 4o subgoup of Sn, n<7, i
= P : blg,0) = Fp2

ek A be grup v/ order €7 Constdes actbin o Qg on A
Lk acA. Thn,
| &/stabla)| = [0 @) € [Al 7 D Stablo) 2 2.
fo VaeA, stab(a) is noapivial jubgrop of Q  But nondrivp] scbgrops of @ include §£15.
o vt hno bHaeA  fHb(a) 2 §£13. S Hew cp(t(,a)r-l:(il)-ﬁ =4 3 Peh=e. S oatredid.
£ is not njedtive -

Mt gonoral Lowama, !



/%M

M & Hhwoenn akout divedk ‘produ/‘d H‘x--—ka 2 6 &

s HigeG
© G HeoHe s Shhy o hiedd
’ ‘/‘I\a = Hyo= HpytHi, o~ He , and Wielk), Hin f;\;:{e}.



ek & be a p-grep. Define +he Frutin subgrop fo be

$(e)= N H.
et

@) ¢(e)¢ G

Poof 1. ek O be anbithany in Avk(6).
e # has sane # dewerts s fl.
2 ((;-ZH'J-.P.

I fadk & s bjetion faw all sw’-ngr ok indet p Ao el ({‘Ww;-iS)

(g = o[\ ). [\ st - (Vv = B
een L e Co-H)z P
- T /\ con do Hhe

o maps b K,

)

o o ot e U i
0] = () ’my_,chv\L)

l: = : q ‘ .
. -.?.w:ufvnc”f") S%W wlh 0 prpety ox colled  “ Chavpddenshic”  (subgop i fired

undy oM thifvns), bad  chovattonshe = nomal (bl m\]uaaf-.bn).

Prosf 2. (owma: For oy QWVr ., & pi sonelleat prine duviding |G,
shgews H osf. [eiH)=p are nomasl. by (et metipleaton 9 (xH) = GOH-
Pk & aus on sk of (et wsedo {xH- xeé—jv(ubw— Hee aw fcoﬂb),_
mdej ho w10 o Fplhrsin from - S,~ Lt K be +he zuwdf;kééikéii;lg
o in particaley  faking ¥z W see thawk K mmt be inH ) ie. KeH.
Tha by sk Gomorphtin Hum, 6/ £ some subgrowp ok Sp, 5o (§/k) rewet
divide pl. Bub 1G/k| alw divided 161, ond  p ir sonellut prine dividirg
el = 16/k] wmab=p. So w haw $ht
b= lejel= o) = (ol ks plHk) S [HRy T ket
Bk K It bund D normed , 5o H is normal oo
S inowr publan, G B pgrovp, s p o st prite | [6l, » oAl  sd-
[6:H)=p ave mormel.  Inbergecton of novmel sabgrevps is aemel supgrovp,
B (6) U infakt normal .



\)I&m

e

(b) -

Lowna: (Thm 28 in Cmd  doc) -

[7/1104',

-

3 i A X :

D(G) @ pini e Mbgnr st %(6’) v Z/VZ P

Pom lewma  above , Ak H sd. (6:H)=p oaw normmd in G The, (6/HI=p, and

o GJH nwbbe Hocyche govp  Zfpg (abelion [). 16w hee U such H 3 Viyeb,

(xy)H= (g H , irpling tht (49 Y H=H 50 (6,6 < H
(frall sath H) , 5o (e G) < (). (5ide note &/n abelion iff C&:G]SN)

Ble G/H2 7/p2, b xeG, (H: gH-H > x'eH. T for Ml such K> x*¢3e) Yxek.

Chosse  sommg X, €6 st Xl@((f\ wontriviol ‘ and (o X = (X.i(ﬁ-)), Pick x, € G-\X\

ok o on uthl g Ko X (poeess ferminds by,  finke) . C(un’") /(,‘/U(J':fe)/

WIS X e = 6 /B g’(f‘-%cq.

won

ble (x“l' o Ktﬂu)i((;.) e G /@(G_) ob\ﬂ‘om‘g :
k
blc L_}' Xi= G/BI6) > YxeG, Jiefk] sb. xB(E)eX; ¢ o g

T G/§CG) Sokpe s ke

62 Axs it
* AR 6
¢« ANB={t]

. AB:= (-

-




INTERNAL DIRECT PRODUCT

MATH 457

Here is the definition of internal direct product from the text:

Definition 1. Let H; <G fori € {1,...,n}. [Note that we require that H; is normal!|
Then G is the internal direct product of the H;’s if for any g € GG, 3'h; € H; such that
b

Here is the properties I gave to decide if a group is isomorphic to the (external)

direct product of a finite number of its subgroups:

Definition 2. Let H; < G for ¢ € {1,...,n}. Then the sets H; satisfy the IDP
properties if:
(- H =G forally

@ G=Hy- - H, % {hy---h, : b; € H};
(3) if f{z déf H1 "'Hi—l B Hi—H Hn, then Hz El I:IZ = {1} [Note that if n = 2,

then gl = H2 and ffg = Hl]

We will prove that the definitions are equivalent, i.e., GG is the internal direct prod-
uct of the H;’s if and only if the H;’s satisfy the IDP properties. [This is Theorem 5
below.]

We need the following lemma.

Lemma 3. If H; < G fori e {1,...,n} satisfy IDP properties, then h;h; = h;h; for
alb-l, e Heondh, € H, witht = .

Proof. Since hi* € H; < G, we have that h;h; h;" € H;. So, h;(hih; h;') € H;.
Similarly, since h; € H; < G, we have that hih;h;' € H;. So, (hih;hi')h;" € Hj.
Thus, we have that hihjhi_lhj_l € H;N H,. But since 7 # j, we have that H; C ]:Ii,

and so H; AV H; € H;nN H;. Moreover, by property (3), we have that H; N H = s

Hence, h;h;h; 'hi' € H; N H; C H; N H; = {1}, which implies that hih;h;*h;* =1,

i.e., hzh] — hjhl O
1



2 MATH 457

We then have:

Theorem 4. Let Hy,...,H, < G. Then, ¢ : H x --- x H, — G defined by
d(hiy. .. hy) = hy---hy is an isomorphism if and only if the H;’s satisfy the IDP
properties.

Proof. [=:] Assume that ¢ [as in the statement] is an isomorphism. Let G ©H x

. x H, and H; & fll 2o X H < 1y ¢ {1} = & [with H i the i-th
coordinate]. Then, clearly ¢(H;) = H;. Since H; < G [easy exercise!], we have that
H; < G, as ¢ is an isomorphism [by assumption|. [This was a problem in the exam.]
Thus, IDP property (1) is proved.

Since ¢ is an isomorphism [and hence onto] and ¢(G) = H; - - - H,, [by definition of
¢ and the perduct of groups|, we have that G = H; - - - H,,, proving property (2%

Now, let H; & Hy x -+ x Hy_y x {1} x Hyy1 X -+ X H,. Then, clearly ¢(H,) = H,
[with H; as in Definition 2] and H; N H; = {(1,...,1)}. Thus,

1} =o({(,....1)})
= ¢(H; N lffz) las noted above]

= ¢(H;) N gb(ﬁ[l) [as ¢ is a bijection — this is a Math 300 exercise]

= H;n H; [as noted above]

Hence, property (3) is also satisfied.

[«<:] Assume now that the H,’s satisfy the IDP property. Then, ¢ is a homomor-
phism by Lemma 3. It is onto by property (2) [as ¢(Hy X --- x H,) = Hy--- H, by
definition of ¢).

Now we show that ¢ is injective. Suppose that ¢(hq,...,h,) = 1. This means that
hi---h,=1, or hfl = hg - -+ h,. Since the left hand side is in H; and the right hand
side is in Hy, property (3) tells us that by = 1 and hy - - - hy, = 1. Then, hy' = hg- - - hy,
and now the left hand side is in H, and the right hand side is in H,. As before, we
obtain hy = 1 and hs---h, = 1. Inductively, we obtain that h; = 1 for all . Hence,
ker¢p = {(1,...,1)} and ¢ is injective. O
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Now, we can prove that equivalency of the Definitions 1 and 2:

Theorem 5. Let H; < G fori € {1,...,n}. [Note that we are already assuming
that the H;’s are normal, since it is in the conditions of both definitions!] We have
that G is the internal direct product of the H; if and only if the H;’s satisfy the IDP

properties.

Proof. [=:] Assume that G is the internal direct product of the H,’s. Clearly prop-
erties (1) and (2) of IDP are satisfied.
Now, let h; € H; N H,. Then, since h; € ]:Ii, we have, by definition, that

11h111:hz:$1$2_11x1+1xn,
where x; € H;. By the unique representation hypothesis, we have that h; = 1. Thus

H; N H; = {1}, i.e., property (3) is also satisfied.

[«<:] Assume now that the H,’s satisfy the IDP properties. [By (1), we would then
get that the H;’s are normal, but we are already assuming it here.] Then, by (2),
every element g € G can be written as g = hy - - - h,, with h; € H;. [We need to show
uniqueness. |

Now assume that
h1"'hn=$1"'1n, Wlthh“fL’ZGHZ

Thus, with ¢ as in the statement of Theorem 4 [which we can use since are assuming

IDP properties], we have that

¢(h1, s ,hn) = qb(xl, Shin ,l‘n>.

Since ¢ is an isomorphism [and hence one-to-one|, we have that h; = z; for all 4, and

hence the representation is unique. =
This gives us:

Corollary 6. G is the internal direct product of the subgroups H;’s fori € {1,...,n}
[and hence H; <t G by assumption!] if and only if ¢ : Hy x --- x H, — G defined by

d(hiy. .. hy) = hy - hy is an isomorphism.
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Proof. By Theorem 4, we know that that H;’s satisfying IDP is equivalent to ¢ [as in
the statement] being an isomorphism. Since the former is equivalent to G being the

internal direct product of the subgroups H;’s [by Theorem 5|, the result follows. [



MATH 504 PRESENTATION PROBLEM

A. WAUGH

Lemma 1. Let G be a finite group. If p is the smallest prime dividing |G| and [G : H] = p,
then H is a normal subgroup of G.

Problem 1 (Frattini Subgroup). Let G be a p-group and

oG]~ ([ H

[G:H]=p

denote the Frattini subgroup of G. Then ®(G) is normal is G and is the smallest subgroup
such that
G/®(G) 2 Z/pxZL/px - xZL]p.

Such a product group is called an elementary abelian p-group.

Proof. First, ®(G) is a subgroup of G since the intersection of subgroups is a subgroup. To
see ®(G) is normal, we show that it is a characteristic subgroup' of G. Suppose H < G is
such that [G : H] = p and let 0 € Aut(G) be arbitrary. Then |0(H)| = |H| and 0(H) < G
implies [G : o(H)] = p. Moreover, every such subgroup H of index p is the image of a
subgroup H' < G of index p by taking H = o '(H). So

o(®(G)) = o(VH) = (o(H) = (G),

where the intersections are being taken over all subgroups of index p in G. Hence ®(G) is
characteristic in G and therefore normal in G.
/For the statement that G/®(G) is elementary abelian, notice if H < G has index p, then
H is normal in G (by Lemma 1). Consequently, G/H = Z/p is abelian for each subgroup
H of index p. In particular, [G : G] < ®(G). Next, because |G/H| = p, if x € G, then
(zH)? = H. So 2* € ®(G) for all z € G.

Now, let {z;®(G)} C G/®(G) be such that (;®(G)) N (z,;P(G)) = {e} for all i # j. This is
possible first choosing a non-identity element z1®(G) of G/®(G), letting X; = (z1P(G), and
choosing our next element from G'\ X;. Continuing this process inductively, the above argu-
ment implies every element we choose will will generate a cyclic group of order p which, by
construction, will not intersect any of the already chosen subgroups. As G/®(G) is a finite p-
group, this process will eventually terminate when | J X; = G/®(G). Finally, the X; intersect
only at the identity, each X; is normal in the abelian group G/®(G) and Hle X, =G/9(G)
by a clear cardinality argument. So

G/P(G) =Xy X XogX -+ X Xp Z2Z/pXZlpX--- XZL[p.

Date: December 3, 2020.
A subgroup H of G is said to be characteristic if for every o € Aut(G), o(H) < H. In particular,
because conjugation by g € G is an automorphism of G, every characteristic subgroup is normal.
1



2 A. WAUGH

To see ®(G) is the smallest subgroup for which G/®(G) is elementary abelian, suppose K
were a normal subgroup of G such that G/K is elementary abelian. Then G/ K is generated
by cosets {z; K}, (each of order p) such that

GRS K < < (2 K

This group has maximal subgroups K;/K generated by {z,K : j # i} in the above product.
Consequently, () K;/K = 1 which, by the third isomorphism theorem, implies (] K; = K.
Now, because K < K; < G,

p=lG K= KK, K[=|c K"
implies |G : K;] = p. Thus
oG — (] H=[1K Kk
[

G:H|=p i
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