PRE-MIDTERM AND A FEW PRACTICE PROBLEMS,
MATH 505, WINTER 2021

General principle: the expectation is that you are well versed in everything covered in lectures and
homework. In particular, know at least one solution to all and any homework problems, including
worksheets. The list below is not claimed to be comprehensive but I tried to mention most of the
topics we covered. If you notice an omission, let me know!

(1) Concepts:
(a) Field extensions:
(i) algebraic
i) transcendental
) normal
v) separable
) purely inseparable
) Galois
(vil) cyclic
) Field automorphism
) Galois group
) Splitting field
) Finite field
) Minimal polynomial
) Degree of an extension
) Separable degree of an extension
) Norm and Trace

e
) Hilbert 90

) Three theorems of Galois Theory

) Existence of algebraic closure

) Extension of automorphisms (see problem 5)
) Equivalent characterizations of normality

) Equivalent characterizations of separability
) Normal basis theorem (statement only)
) Primitive element theorem
) Independence of characters theorem
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A FEW PRACTICE PROBLEMS

Disclaimer: this is not a comprehensive list. Once you are confident you’ve gone over all homework
problems, you could try your hand at these, and then continue with an almost unlimited supply in
Dummit and Foote.

Problem 1. Let £ = Q(v/2,4), K1 = Q(4), K2 = Q(v/2), K3 = Q(v/—2). Compute Galois groups
of E/K; fori=1,2,3.



Dbl 1. (AR, Q0] = g Une (4, RO)))

f = Irr (32, QI)) itk dinide xg-)_, since  ¥f_ 2 o m Q(O0] Huok
hey gﬁ o a ropt- Consid - Ha dtavmond . W wmupk b that @ = indeed

.8
Q(%2, 1) f=r-2.
'\9\5 / ( i 5 & i ¢ R
(30 ~ o0
Ql & () kb2 iredriible cote @
‘\¢$4Z\@/8 by Eisensteiny
€ Galois ectuntion of Q@) , since £=¢"-2 has distinct

MH & n hic ( v = )”/‘I_ﬁ {2, _(t5)?
J;,u) ,  whi wt al in € gane W= e _7+_%‘, and ﬁ_(ﬁ)

G

N
G (Gl (e/a)) | = § and 55 > 87 W",n€f0, 7% arc otl Fie
possiblitien lent  exactly He duredt of G-. o difined a4 Yz LW
WWM "‘(4 9{' @, since s map § e ws §( w*, e¢c, so

Gal (e(QUdY e Z/¢2.

Jow fr @B . Snce [€:6)=(6 ad [@R):@)=2, (E:QUE)]=E.
Fiest, € is 2plittiny firld M’K x5 0w @ - E2K blc K52 inded 4piis in B, and ESK bfc
¢ obviously qotta be in K, ond f{ w2 = S iek> %-..‘ek, x§_2 seporable

in €, o € Galois eximion of @

0\ ltkw )
o ! lmportant  (ommed -
jj_ll LoE2F  fdld extwrons. (f L/E Seporsble ) vomal,  thea Lle aparsble / normal.

S,/'melo (ie ad winimal fob,mowlfada over base fiedd do not hige Wﬂd voots )

fov

”"“"“M Vel lor (hiF) is olio eEGQ ot kot & af rosk o for () ol el b
i\l

M]o"'r (othowise. Hoetr 3cd wodd  be swaller Mv% y X M:‘mima//fj)- £ (o ,€) her repeat rostyr,

Hun ‘w(o(,F) wld Ao ) X .

NWW'M (Ie 'f, £ :wtdAwlbh oww £ hey 2‘ yot 0 L, -"1" hes P"{W ovev [ (f/(q)ﬂ G/WL))

kot (,MOWM Normal 4> AFM"HV\? fd for some pol/yhom:‘a{-

m 53
(s () Finite dlgebraic me e L= F, —, A0 wthy m (x) be lr(di, F), w knot ®i spqu
' Vi' owv | "1 VLDVW’M(@’ T, T ﬁm,‘ fph)d ovw L, and indeeed | is Sth-in@ feld of .'f, since
=l
o g poll) - ptiing piekd of £ nuwot rfwn sx — o, bk L 1S smolleat-fedd  contany oo, — Kl

(é) fWPWH () is V(;‘: ) F“lﬂ v/ S'F <= d , W haw o (L) = L.

s nwmally bl i Kel, £< lnr(a,f), dibine oo sel o Ao ol coot of £, fiting F.
“extnsion thingy “(ree problom 3 belov) gies S exfensd {v/li/ww«”"'off‘\d‘“ L> FY%; so othvrootd of
+ mnt bein L. injedive



pr‘lHﬂh? F\JA for s O‘yhownl S (). Wt A — Xy be (ditioch) poix of £
Rl fld of £ peas L= F(X — on)] 0y ettty

iFao:L> ng (7)) F/ Hw #&‘):O (=] -f(D‘(a())-O, so’ o pwm~44 ook of A
So G(L) = O—‘(F(“‘—dh)) = F 0‘6'(1)\ °§,(,,)3 = L.

Ai\’MS, HL/E nowel, fhan (= spvitig el of LeF0). £ shoin €D, 5o

L/€ nowal h«-@

,L}M , Bk ot ot Golois exfnsions So, l6alle/q))| =
_eprt—Show €= QL hw, ) ) tbuiswaly ;> —pobovabrot—€ 2 e—han
(oY —— gonbthilego. Ly, x4-G ¢ @G0T by €7 o voot.
Ob- So 5 com be set o 183 or xifz . And i (o be sent h 2,
These o only possibililes fir v 1 sond q;, v & atonoglom of @ (53,0
ddomid by ale Fooos Sz sikc of Lol = £ 5o Hure ae
uw‘/‘) al Ah possibitid . Debe o pomp 9[\91"5, ord T bpe (b - (ordev 2)
Sueceasivt a/pltuzf%a of o [W L e
e ifh > -55 p -ifz & 53 (o & odar 4)

Obuiowaly genovate whale grwp  S° o', ot, o’  btm v St s hp excepl b i
1e°, 183 , Ts*, TO

looking ot my = 634 pd Jevim Rw’w-')olf-” o ap wihsife, Oahy grug Thet Filo (S
Gal (€/ (D) = Dy

Now & €/ QUE) . By ltmmed 7 by E/Q Galois, 4t is 6—»{,0:1 Agwn like

loot #ime, (QUZ), @)=2, 5 [6: QUED)=S. T

It o maps 2 > Bz " ad i i, Hm o((3)= (i) o) S(R) = joB): | Zw"
Fn o, Hn o(3)= (. Buif n odd, Hu V" : -1 mw 9Wﬂ(- So fr ewnn,

3G b PRV, i bk Of nodd , Hor I sE 0, i -0 Tt e oy ourr

o pessibiliblu (W{H fpossibibes ;i 2 possibilher). bt vty Eaug. As

leat | = &, Aol b be ol of thin,

Db T b 13w, X ok wuts don need & sinee §= T
T eptew , i T8 w) = TER) T = & w T(ZED)
- UR) , THB), .
50w (BRI
= 83w (6B m‘zw\‘*)
_—l\ ] _?

Ok 5 S, T hth odw 4, and 5=T?
nd 3

FMM/ v (’OM‘M e ot = SE v (..%"'ig\: &ﬁ wq:_s'ﬁ-

TE(R) 2 T(EF w) = Spw T = O wwb =552 T\ wf

T )y TGY= -i .

SR = 53 (W) = 02 (6w T (EeT1)) = (1 o (BDLEH) + o (15 o)

S3T(N) = s3(<) = - R N

w3

pndl 1D stz T Tha , Gal(€/ @I« Qg



2 PRE-MIDTERM AND A FEW PRACTICE PROBLEMS, MATH 505, WINTER 2021

Problem 2. As part of this problem, you’ll prove the “Primitive element theorem”.
Let K/k be an algebraic extension.

(1) Assume K = k(). Show that there are only finitely many distinct subextensions k C F' C
K.

(2) Assume there are only finitely many distinct subextensions &k C F C K. Prove that K =
k() for some « € K. (Consider the cases when k is finite and infinite separately)

(3) Prove the “Primitive element theorem”: if K/k is a finite separable extension then K = k(«).

(4) Give an example of a finite algebraic extension K/k such that there are infinitely many
distinct subextensions K/F/k. Note: this should also serve as a counterexample to the
Primitive element theorem for inseparable extensions.

Problem 3. Prove the “extension thingy” we keep postponing: Let E/K be an algebraic extension,
and let o : K — K’ be a non zero field homomorphism. Let f(z) € K|z] be an irreducible polynomial
over K, and o(f(z)) € K'[x] be the image of f under the homomorphism o extended to Klz] by
sending x to x. Let « be a root of f(x) and 8 be a root of o(f(x)). Prove that there is a
homomorphism & : £ — (K')*8 such that 0|k = o and &(a) = 8.

(1) E=Kla]

(2) E/K - finite algebraic extension

(3) E/K - any algebraic extension

-k

Problem 4.[Prelim 2018, 4] Show that the field extension Q C Q (\/ 2+ \/§> is Galois and deter-
mine its Galois group.

Problem 5.[Prelim 2008, 2] Let F be a finite field. Show for any positive integer n that there are
irreducible polynomials of degree n in Fx].

oblem 6.[Prelim 2007, 2 -This problem is postponed till the Final review. I’ll leave it
here bu end time on it]

Let K be a field of cha istic zero and f € K|[z] an irreducible polynomial of degree n. Let L
be a splitting field for f. Let G be the gr utomorphisms of L which act trivially on K.
(1) Show that G embeds in the symmetric group .S,,.
(2) For each n, give an example of a field K and polynomial f such tha
(3) What are the possible groups G when n = 3. Justify your answer.

Problem 6.[Prelim 2009, 4] Let F be a field and p(x) € F[z] an irreducible polynomial.

(1) Prove that there exists a field extension K of F' in which p(z) has a root.

(2) Determine the dimension of K as a vector space over F' and exhibit a vector space basis for
K.

(3) If § € K denotes a root of p(x), express =1 in terms of the basis found in part (b).

(4) Suppose p(x) = 23 + 9z + 6. Show p(z) is irreducible over Q. If 6 is a root of p(x), compute
the inverse of (1 + 6) in Q(0).
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Problem 3. Prove the “extension thingy” we keep postponing: Let E/K be an algebraic extension,
and let 0 : K — K’ be a non zero field homomorphism. Let f(z) € K|[z] be an irreducible polynomial
over K, and o(f(z)) € K'[z] be the image of f under the homomorphism o extended to K[z] by

sending x to x. Let a be a root of f(z) and B be a root of o(f(x)).
homomorphism & : E — (K')*8 such that olx = ¢ and &(a) = 3.

(1) E = Kla]
(2) E/K - finite algebraic extension
(3) E/K - any algebraic extension

Q)

& math.stackexchange.com

Fact. Let f : K — Q be a homomorphism of fields were Q is
algebraically closed. Assume that « is an element of some
algebraic extension field L of K. Then there exists a
homomorphism of fields f : K[a] — Q such that f(z) = f(z)
forall z € K.

Proof. Let m(x) = Y."_, aix' € K[x] be the minimal
polynomial of a. Consider the polynomial

mx) = ) flax' € Qlx].
i=0

Because Q is algebraically closed, there exists an element
p € Q such that m(f) = 0. Consider the mapping

F: K[x] = Q p(x) = po + prx + - px' = Y f(p)f’.
i=0

This is the composition of two mappings. The extension of f to
a map between polynomial rings K[x] — Q[x] followed by
evaluation of polynomials in Q[x] at . Both of these mappings
are homomorphism of rings. Thus the same holds for their
composition F'. We see that the irreducible polynomial m(x) is
in the kernel of F. Hence the ideal I C K[x] generated by
m(x) is also contained in ker F. But irreducibility of m(x)
implies that I is a maximal ideal of K[x], so we can conclude
that I = ker F. Thus F induces an isomorphism F from
K[x]/I to a subring of Q. Here K[x]/I is a field isomorphic to
K[a]. Composing the inverse of that isomorphism gives us the
desired homomorphism

F:Kla] = K[x)/I = Q.

Q.E.D.

Prove that there is a

& math.stackexchange.com

Your claim follows from this by a typical application of Zorn's
Lemma. Consider the set E of pairs (¢, ¢»), where £ is a field
such that k C # C k’ and ¢ is a homomorphism of fields

¢ : £ - Q such that ¢p(z) = g(z) for all z € k. We say that
(¢, ¢") is an extension of (¢, ¢),if £ C ¢’ and ¢’ (z) = P(z)
forall z € 7. Denote (¢, ¢) < (£’, ¢'). Clearly this is a partial
order of E: if (£, ) < (¢’,¢")and (¢', ¢') < (", ¢") then
&, ¢) < (", 9").

Claim. Every chain in E has an upper bound.

Proof. If C = {(Z;,¢:) | i € I}isachainin E, then let

kc=Uz,”l-gk’

iel

be the union of the fields occuring in the chain C. For any

z € kc we define ¢¢(z) as follows. The element z belongs to
at least one of the fields Z;,i € I. We declare ¢c(z) = ¢i(2).
This is well-defined, because if we also have z € £ for some
Jj € 1, j # i, then by the chain property we have either

(Zi, i) < (€, @;) or (€, pj) < (€i, pi). In either case this
implies that ¢;(z) = ¢;(2).

Furthermore, the mapping ¢¢ is a homomorphism of fields.
Forif z1, zo € kc are arbitrary, then z; € £; and z; € ¢ for
some i, j € I. Again, one of the fields £;, £; contains the

other, so-the homomorphic condition follows from well-
definedness of ¢p¢ and the fact that the "bigger" one, either ¢;
or ¢;, is a homomorphism.

Clearly (¢, ¢i) < (kc, ¢¢c) foralli € I, so the pair (kc, ¢pc) is
an upper bound of the chain C. Q.E.D.

The main claim follows from this. By Zorn's Lemma the set E
has a maximal element (£ ar, ¢ar). If here £y were a proper
subfield of k', then we would have that k’ is an algebraic
extension of . Hence the Fact applied to K = s and to
any element « € k" \ ¢ would allow us to further extend the
homomorphism & s to the field £ p[a] contradicting the
maximality of (£ s, ¢ar). Thus £ = K, and the
homomorphism ¢ is your g’.
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