
PRE-MIDTERM AND A FEW PRACTICE PROBLEMS,

MATH 505, WINTER 2021

General principle: the expectation is that you are well versed in everything covered in lectures and
homework. In particular, know at least one solution to all and any homework problems, including
worksheets. The list below is not claimed to be comprehensive but I tried to mention most of the
topics we covered. If you notice an omission, let me know!

(1) Concepts:
(a) Field extensions:

(i) algebraic
(ii) transcendental
(iii) normal
(iv) separable
(v) purely inseparable
(vi) Galois
(vii) cyclic

(b) Field automorphism
(c) Galois group
(d) Splitting field
(e) Finite field
(f) Minimal polynomial
(g) Degree of an extension
(h) Separable degree of an extension
(i) Norm and Trace

(2) Theorems:
(a) Hilbert 90
(b) Three theorems of Galois Theory
(c) Existence of algebraic closure
(d) Extension of automorphisms (see problem 5)
(e) Equivalent characterizations of normality
(f) Equivalent characterizations of separability
(g) Normal basis theorem (statement only)
(h) Primitive element theorem
(i) Independence of characters theorem

A few practice problems

Disclaimer: this is not a comprehensive list. Once you are confident you’ve gone over all homework
problems, you could try your hand at these, and then continue with an almost unlimited supply in
Dummit and Foote.

Problem 1. Let E = Q( 8
p
2, i), K1 = Q(i), K2 = Q(

p
2), K3 = Q(

p
�2). Compute Galois groups

of E/Ki for i = 1, 2, 3.
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Problem 2. As part of this problem, you’ll prove the “Primitive element theorem”.
Let K/k be an algebraic extension.

(1) Assume K = k(↵). Show that there are only finitely many distinct subextensions k ⇢ F ⇢
K.

(2) Assume there are only finitely many distinct subextensions k ⇢ F ⇢ K. Prove that K =
k(↵) for some ↵ 2 K. (Consider the cases when k is finite and infinite separately)

(3) Prove the “Primitive element theorem”: ifK/k is a finite separable extension thenK = k(↵).
(4) Give an example of a finite algebraic extension K/k such that there are infinitely many

distinct subextensions K/F/k. Note: this should also serve as a counterexample to the
Primitive element theorem for inseparable extensions.

Problem 3. Prove the “extension thingy” we keep postponing: Let E/K be an algebraic extension,
and let � : K ! K 0 be a non zero field homomorphism. Let f(x) 2 K[x] be an irreducible polynomial
over K, and �(f(x)) 2 K 0[x] be the image of f under the homomorphism � extended to K[x] by
sending x to x. Let ↵ be a root of f(x) and � be a root of �(f(x)). Prove that there is a
homomorphism �̃ : E ! (K 0)alg such that �#K = � and �̃(↵) = �.

(1) E = K[↵]
(2) E/K - finite algebraic extension
(3) E/K - any algebraic extension

Problem 4.[Prelim 2018, 4] Show that the field extension Q ✓ Q
⇣p

2 +
p
2
⌘
is Galois and deter-

mine its Galois group.

Problem 5.[Prelim 2008, 2] Let F be a finite field. Show for any positive integer n that there are
irreducible polynomials of degree n in F [x].

Problem 6.[Prelim 2007, 2 -This problem is postponed till the Final review. I’ll leave it
here but don’t spend time on it]

Let K be a field of characteristic zero and f 2 K[x] an irreducible polynomial of degree n. Let L
be a splitting field for f . Let G be the group of automorphisms of L which act trivially on K.

(1) Show that G embeds in the symmetric group Sn.
(2) For each n, give an example of a field K and polynomial f such that G = Sn.
(3) What are the possible groups G when n = 3. Justify your answer.

Problem 6.[Prelim 2009, 4] Let F be a field and p(x) 2 F [x] an irreducible polynomial.

(1) Prove that there exists a field extension K of F in which p(x) has a root.
(2) Determine the dimension of K as a vector space over F and exhibit a vector space basis for

K.
(3) If ✓ 2 K denotes a root of p(x), express ✓�1 in terms of the basis found in part (b).
(4) Suppose p(x) = x3 +9x+6. Show p(x) is irreducible over Q. If ✓ is a root of p(x), compute

the inverse of (1 + ✓) in Q(✓).
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